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Filtering or estimation is of great importance to virtually all disciplines of
engineering and science that need inference, learning, information fusion, and knowledge
discovery of dynamical systems. The filtering problem is to recursively determine the
states and/or parameters of a dynamical system from a sequence of noisy measurements
made on the system. The theory and practice of optimal estimation of linear Gaussian
dynamical systems have been well established and successful, but optimal estimation of
nonlinear and non-Gaussian dynamical systems is much more challenging and in general
requires solving partial differential equations and intractable high-dimensional
integrations. Hence, Gaussian approximation filters are widely used.

In this dissertation, three innovative point-based Gaussian approximation filters
including sparse Gauss-Hermite quadrature filter, sparse-grid quadrature filter, and the
anisotropic sparse-grid quadrature filter are proposed. The relationship between the
proposed filters and conventional Gaussian approximation filters is analyzed. In
particular, it is proven that the popular unscented Kalman filter and the cubature Kalman

filter are subset of the proposed sparse-grid filters. The sparse-grid filters are employed in
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three aerospace applications including spacecraft attitude estimation, orbit determination,
and relative navigation. The results show that the proposed filters can achieve better
estimation accuracy than the conventional Gaussian approximation filters, such as the
extended Kalman filter, the cubature Kalman filter, the unscented Kalman filter, and is

computationally more efficient than the Gauss-Hermite quadrature filter.
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CHAPTER I

INTRODUCTION

1.1  Overview

Nonlinear estimation/filtering has attracted a great deal of attention in the past few
decades because it has a broad range of applications in science and engineering [1-18],
such as communication[1] ,target detection and tracking [2-6, 7 , 8], ocean acoustics[10],
location[9], SAR motion compensation [15], and fault detection and correction [16-18].
The general filtering problem can be addressed using Bayesian estimation theory [19]. In
the Bayesian framework, the probability density function (pdf) of states between
measurements for continuous dynamic systems can be propagated by solving the Fokker-
Planck-Kolmogorov equation (FPKE) [20-24] and the pdf of the states can be updated by
the Bayesian rule. For discrete dynamic systems, the FPKE will be replaced by the
Chapman-Kolmogorov equation [25]. Because the Chapman-Kolmogorov equation
requires integration with respect to the pdf, which has no closed-form solution for general
nonlinear and non-Gaussian systems, numerous approximation methods have been
proposed, such as the sequential Monte-Carlo method [26], the point-mass method [27,
28], and the Gaussian mixture method [3, 5, 29-31]. For general nonlinear, non-Gaussian
filters, although the sequential Monte Carlo method (particle filters) can successfully
solve the integration problem, the update of the particle weights often leads to the
degeneracy problem[32]. In addition, the number of particles of the particle filters

increases rapidly with the increase of the system dimension. The point-mass method also
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suffers the same problem of computational complexity as the sequential Monte Carlo
method. For the Gaussian mixture method, the number of Gaussian components is
difficult to control and the computational burden is large. For nonlinear and Gaussian
systems, the Gaussian approximation filters can be derived. They are more
computationally efficient than the non-Gaussian filters. In addition, Gaussian
approximation filters can be used in Gaussian mixture filter [33] and sequential Monte-
Carlo method [34]. Hence, in this dissertation, we mainly focus on the Gaussian
approximation filters.

There are many Gaussian approximation filters that use different numerical
methods to calculate the integrals in the Bayesian filtering. The typical integral methods
include unscented transformation [35, 36], cubature rules [37-40], and Gauss-Hermite
quadrature rule [29]. Among the Gaussian approximation filtering techniques, Gauss-
Hermite quadrature filter (GHQF) has been proven to be the most accurate in solving
estimation problems when the state and noise distributions are Gaussian. The
conventional GHQF uses tensor product rule to extend one dimensional Gauss-Hermite
quadrature rule to the multi-dimensional problem. The drawback of this method is that
the number of points increases exponentially with the increase of dimension. Hence, it is
difficult to use it in high dimensional problems. To alleviate the curse of dimensionality
problem generated by the product rule, the sparse-grid method has been proposed and
widely used. The original idea of the sparse-grid method can be traced back to Russian
mathematician Smolyak [41], who used a special method to choose points (sparse-grid)
and made the number of necessary points significantly less than that of using the direct
product rule. As a result, the computational cost does not increase exponentially by using
the sparse-grid method. Although the sparse-grid has been used in the numerical

2
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integration context, the application to nonlinear filtering is new. In this dissertation, three
sparse-grid based filters are proposed. It will be shown that they can achieve more
accurate results than other Gaussian approximation filters with moderate computation
complexity.

The proposed sparse-grid based filters are applied to three important space
applications: spacecraft attitude estimation, orbit determination, and the relative
navigation between two spacecraft. Many nonlinear filtering methods, such as the
extended Kalman filter (EKF) [19, 42], the unscented Kalman filter (UKF) [35, 36], and
the particle filter (PF) [32, 43-46] have been employed for spacecraft attitude estimation,
since it is a nonlinear filtering problem. EKF is the most widely used nonlinear filtering
method for spacecraft attitude estimation [47]. A simplified Kalman filter and smoother
for spacecraft attitude estimation based on the QUEST algorithm was proposed in [48]. A
more robust approach named extended quaternion-estimator based on the EKF and
quadratic constrained programming was proposed in [49]. The UKF [50] has
demonstrated more accurate and robust performance than the EKF in attitude estimation
when the initial attitude estimation error is large. The PF has been shown to achieve
better accuracy than the UKF and the EKF at the expense of high computational
complexity [43, 44, 46]. Similarly, EKF has been widely used in orbit determination as
well [51]. Many other nonlinear filtering algorithms such as UKF [52] and PF [53] have
also been investigated to improve the orbit determination performance. In this
dissertation, it can be shown that the proposed sparse-grid based filters can achieve
higher order accuracy than UKF, and UKF is shown to be a subset of the sparse-grid
based filter. The spacecraft attitude estimation and orbit determination problems will be
used to demonstrate the effectiveness of the sparse-grid filters and compare the

3
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performance of other Gaussian approximation filters. To show the performance of the
sparse-grid filters for high-dimensional problems, they are applied to the relative
navigation problem. Relative navigation is one of the key technologies for the satellite
formation flying [54, 55]. Many GPS-like missions that need spacecraft formation require
information of relative attitude and position between spacecraft. It is a high dimensional
problem that is more challenging than attitude estimation and orbit determination. Thus,
it is a good test bed to evaluate the estimation performance and the computational

efficiency of the sparse-grid filters.

1.2  Contributions of The Dissertation

1.2.1  Three New Filters Based On The Sparse-grid Method

Three new filters based on the sparse-grid theory are proposed. The first filter is
the Gauss-Hermite quadrature filter (GHQF) that uses the Gauss-Hermite quadrature rule
to generate the univariate Gauss-Hermite quadrature (GHQ) points and weights, and then
uses the sparse-grid method to extend them to the multi-dimensional GHQ point set and
weights. The second filter is the general sparse-grid quadrature filter (SGQF) that utilizes
the moment matching method to generate the univariate quadrature points and weights
and then uses the sparse-grid method to extend them to the multi-dimensional quadrature
point set and weights. To further improve computation efficiency, the third filter, named
the anisotropic sparse-grid filter, is proposed to reduce the number of sparse-grid points
based on system dynamics and uncertainty information such that fewer points can be

placed along less important dimensions.
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1.2.2  Relationship Between The Sparse-grid Based Filters and Other Gaussian
Approximation Filters

The relationship between the sparse-grid based filters, sigma-point based filters
(UKF and CKF), and the Gauss-Hermite quadrature filter are rigorously analyzed. It can
be revealed that the UKF and CKF are a subset of the sparse-grid filters at the accuracy
level-2 and thus the sparse-grid filters can achieve higher accuracy level than the sigma-
point filters. In addition, the accuracy and computational complexity are quantitatively

analyzed for all sparse-grid based filters.

1.2.3  Space Applications

The proposed sparse-grid filters are applied to three important space applications,
including orbit determination, attitude estimation, and relative navigation. The
performance of the new proposed filters are shown to be better than the conventional
Gaussian approximation filters, such as EKF, UKF, CKF in terms of estimation accuracy,

and GHQF in terms of computation efficiency.

1.3  Organization of The Dissertation

The dissertation is organized as follows: Chapter 2 briefly reviews the literature of
nonlinear filtering methods. The theory of Bayesian filtering and popular Gaussian
approximation filters such as the extended Kalman filter, the unscented Kalman filter, the
cubature Kalman filter, the Gauss-Hermite quadrature filter, and the central difference
Kalman filter, are reviewed.

In Chapter 3, three sparse-grid based filters are proposed. Both conventional and
anisotropic sparse-grid theories are introduced. Theoretical analysis of the relationship
between the conventional sparse-grid quadrature, anisotropic sparse-grid quadrature,
unscented transformation, cubature rule, and Gauss-Hermite quadrature filters is given.

5
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In Chapter 4, the three proposed filters are applied in solving three space
estimation problems: orbit determination, attitude estimation, and relative navigation. The
simulation results show the proposed filters are better than EKF, UKF and CKF, they are
computationally more efficient than GHQF.

Chapter 5 reviews the main contributions of this dissertation and gives some

future research directions.
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CHAPTER II

BACKGROUND AND LITERATURE REVIEW

In this chapter, the Bayesian filtering framework as well as its variants is

reviewed.

2.1 Optimal Bayesian Filtering

The mission of the nonlinear filtering is to estimate hidden variables or states of a
system from noise corrupted observations. Roughly speaking, there are two categories of
nonlinear filtering methods in terms of the method of data processing. One method is
batch processing and the other is recursive processing. Here, we mainly focus on

recursive nonlinear filtering.

2.1.1 Continuous-discrete system

In many systems, the measurements are obtained discretely from continuous-time
processes. The dynamics of the system is governed by a stochastic differential equation
dx(t)=f(x(t).t)dt+JQd B(¢) (2.1)
where x(t) is the state of the system at the time ¢; f is the nonlinear drift function; Q is
the spectral density matrix; and £ is the standard Brownian motion.
The noisy observations are obtained discretely at time instant &
D :h(xk)+nk (2.2)
where Y, are the noisy observations, h is the measurement equation, and n, is the

measurement noise.
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By Bayesian filtering theory [19, 42], there are two steps to obtain the estimated
states.
1. Prediction step: predict the pdf between the measurement intervals.
2. Update step: update the pdf using the corrupted measurements.
The prediction of the pdf from time k£ —1 to time £ can be obtained by solving the

well-known Fokker-Planck-Kolmogorov equation.

op r Op of 1 o’p
Po_pr P | D il Ll 23
o e r[@xt Py Qe (@3)

where p = p(xk_] | ylzk_l) with y,,_, denoting the measurement sequences up to time k-1;
,tr* denotes the trace operator.
When the measurement y, is available, a posterior pdf is updated by the

Bayesian rule.
P(Xk | Vi )p(Yk | X, )

p(% V)= T (8 1y )P0, 10 ) (2.4)
where the predicted p(x, |y,,_, ) can be obtained from Eq. (2.3).
2.1.2  Discrete System
Assume the state-space description of a discrete dynamical system is
X, = f(X)+ v (2.5)
D :h(xk)+nk (2.6)

where f and h are nonlinear functions. Eq. (2.5) is called dynamic equation, while Eq.
(2.6) is called the measurement equation. V,_, and n, are white Gaussian process noise
and measurement noise, respectively, with v,_, ~ N(0,Q,_,) and n, ~ N(0,R,). The

filtering problem is estimating the system state X, from the noisy measurementy, .
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The optimal estimated state X, can be obtained by the recursive Bayesian filtering
algorithm. The Bayesian filter is a general probabilistic approach to estimate the pdf
recursively from noisy or corrupted observations. Given the pdf p (xk_, Y ) at time
k-1, the predicted conditional pdf p(x, |y,,_,) satisfies the Chapman-Kolmogoroff
equation

p(Xk | Y1 ) = Ip(xk | X, )p(xk—l | Y1 )dxk—l (2.7)

When the measurement at time & is available, a posterior conditional pdf can be

obtained by the Bayesian rule
p(xk |V )p(Yk | X, )
p (Xk |V )p (Yk | X, )dxk

2.8)

p(xk |yl:k):J'

Equation (2.7) is the prediction formula, while Eq. (2.8) is the update formula. The

prediction step is to obtain the pdf evolution from time k£ —1 to & and the update step

gives a posterior pdf at time k. The moments can be computed from this a posterior pdf.
A nonlinear filtering algorithm described above can be represented in the block

diagram as shown in Figure 2.1.

A

P(xk-l | .Vl:k.Q Chapman - Kolmogoroff p(xk | Yickea Bayesian Equation P(xk | Y1k )
¥ 41

Equation Solver Solver
P(xk |xk-1) T T P(.Vk |xk)
System Dynamics Measurement

Figure 2.1  Bayesian filtering framework
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Initially, p(x,_, |y, ) is assumed to be known at time k—1, and then
p(x, | y]:k_l) can be computed by Eq. (2.7). When the measurement arrives at time &, a
posterior pdf p(x n yl:k) at time £ is calculated by the Bayesian rule. Then the estimated
states X, at time k can be calculated from the corresponding pdf.

%= [x,p(x, [y ) dx, (2.9)

State estimation can be recursively calculated following this procedure.

Although the Bayesian filter has a simple form, it is difficult to realize. The
recursive propagation of a posterior density given by (2.7) and (2.8) is only a conceptual
solution in the sense that it cannot be determined analytically in general. Thus, one has to

use approximations or suboptimal Bayesian algorithms.

2.2 Approximate Nonlinear Filters

The celebrated Kalman filter is the optimal solution to Bayesian filtering problem
when the system model is linear and the noise distribution is Gaussian. When the system
model is nonlinear or the noise distributions are not Gaussian, various numerical methods
have been proposed to calculate the integrals in Eq. (2.7) and Eq. (2.8). We briefly
summarize them into the following two categories: Gaussian approximation filters and

non-Gaussian approximation filters.

2.2.1 Gaussian Approximation Filters

This kind of filters assumes that all the models and related pdfs are Gaussian.
These methods include the extended Kalman filter (EKF) [42], the unscented Kalman
filter (UKF) [35, 36], the central difference filter (CDF), the divided difference filter
(DDF), and the Gauss-Hermite quadrature filter (GHQF). Among all Gaussian

approximation filters, the EKF is the most widely used. The EKF linearizes the nonlinear

10
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model of Egs. (2.5) and (2.6) using the first-order truncated Taylor series expansion
around the current estimate in order to use the Kalman filter framework for the Gaussian
nonlinear system. The central difference filter [56] adopts an alternative linearization
method called the central difference approximation to approximate the derivative. UKF
and GHQF are quadrature point based methods (unscented transformation and Gauss-
Hermite quadrature, respectively) to approximate the optimal Bayesian integrals in Eq.
(2.7) and Eq. (2.8). Compared with the EKF, the UKF and GHQF are more accurate,

since they consider higher-order terms in the nonlinear system model.

2.2.1.1 Extended Kalman Filter

The extended Kalman filtering algorithm can be also described by the prediction
and update steps.
The predicted state and covariance can be approximated by [42]
R = f (X)) (2.10)
P, =F_P_F  +Q,, (2.11)
where X, ., is the estimated state and F,_, is the Jacobian matrix of the function f
evaluated at X,_;, ;.
The updated state and covariance are given by [42]
Koo =X + L (v —¥4) (2.12)
P =Py, _Lkpwpgk—l (2.13)

where the predicted observation ¥, is given by

Vi =h(X,) (2.14)
and
P =H,P,  H +R, (2.15)
11
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Note, H, is the Jacobian matrix of the function & evaluated at X, ;. The Kalman gain
L, is given by [42]

-1
L, = Pk|k—1Hl7c- (HkPk|k—lle + Rk) (2.16)

2.2.1.2  Point-based Gaussian approximation filters

Point-based Gaussian approximation filters use some points and weights
according to certain numerical rules such as Gauss-Hermite quadrature (GHQ) rule,
unscented transformation (UT), and cubature rule, to approximate the integrals in the
Bayesian filtering algorithm. Under the assumption of Gaussian distributions, Eq. (2.7)

and (2.8) can be rewritten as

P(Xk | Y1;k—1) = _[Rn 1 p(_%(xk _f(xk—1))T Qll_l (Xk _f(xk—l))J

ex
(27)"* (detQ, )"
xp (Xk—l | ¥ )dxk—l

p(Xk | Y1 ) = Cexp(_%()'k _h(xk))T R; (Yk _h(xk))jp(xk ’ Y1:k—1) (2.18)

2.17)

where c is a normalization constant. Assume that the pdf of the state is also Gaussian and
thus only the mean and covariance need to be calculated.

After some derivation, one can arrive at the following Gaussian approximation
filtering algorithm [29, 35, 36, 57]:

&k|k—1 = _[R,, S/ (Xk—l )N (Xk—l 2 Pk—l\k—l ) ax,_, (2.19)

Pk|k—1 = J.Rn S (Xk—l )f (Xk—l )T N (Xk—l;ﬁk—lﬂ Pk—l\k—l)dxk—l _ﬁk|k—1§‘;k—l +Q, (2.20)

where N (X e X Py ) denotes the multivariate normal distribution with mean X, _,

and covariance P,_, .

Koo =X L (v = 0) (2.21)

P =P —LkP; (2.22)

where L, =P (R, +P, )71 (2.23)
12
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¥, = jw R(X N (X%, %0 Py )X, (2.24)
P, = J.R” (xk —iklk_l)(h(xk)—)?k )T N(Xk;f(k\k—l’l)kvc—l)dxk (2.25)
P,=[ (n(x)-3,)(A(x)-73, ) N(x:%0.Py )dx,  (2226)
The integrals in Egs. (2.19)-(2.20) and Egs. (2.24)-(2.26) can be approximated by
the GHQ, UT, or cubature rule. They can be approximated by the sparse Gauss-Hermite
quadrature (SGHQ) rule as well, which will be presented in the next chapter.

The following Gaussian-type integral can be approximated by the quadrature.
NI’
[ g()N(x0.1)dx= We(,) (2.27)
i=1

where N, is the total number of points; /¥, and ¥, are quadrature weights and
quadrature points, respectively.

A more general Gaussian-type integral '[R” g(x) N (x; X, P)dx can be approximated

by Eq. (2.27) using covariance transformation [56]:

Np
IR" g(x)N(x;%,P)dx = IR” g(Sx+X)N(x;0,I)dx = ;Wl.g(Sy[ +X) (2.28)

where P=SS".
Substituting Eq. (2.28) into Egs. (2.19)-(2.20) and (2.24)-(2.26), the generic point-

based Gaussian approximation filter can be obtained as follows.

f(k\k—l = Zplef(g,) (2.29)

-

P = (£ (8) %) (£ (8)=R0s) +Qs (230)

where N, is the total number of points and €, is the transformed point obtained from the

covariance decomposition, i.e.

Pk—l\k—l =SS’ ; é,‘ = S’Y; + ikfl\kq (2.3 1)

13
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https://2.24)-(2.26
https://2.19)-(2.20
https://2.24)-(2.26
https://2.19)-(2.20

Note, 7, 1s the point corresponding to N (x; O,In) and n is the dimension of the state; W, is
the point weight.

Equations (2.21) and (2.23) can still be used and Egs. (2.24)-(2.26) can be

approximated by
¥, = i:Wh(%) (2.32)
P, - Nl (& 3 )(W(E)-5.) (2.33)
P, = > W (n(E)-5,)(n(E)-5.) (2.34)

where %i is the transformed point obtained from the predicted covariance decomposition,
ie.
P, =SS"; & =Sy +%,, (2.35)
Note that in this framework the points are generated twice within a filter cycle: at the
beginning of the filter cycle and immediately after prediction. The points are re-generated
after prediction in order to account for the effect of the process noise. An alternative is to
generate a larger set of augmented points, each consisting of the state and process noise,
only at the beginning of every filter cycle, by applying a point selection algorithm to the
augmented covariance matrix consisting of both the state covariance and the process
noise covariance [36].
The augmented point-based Gaussian approximation filter can be obtained as
follows.
We define the augmented state as
x‘ = [XT v’ nT]T (2.36)

and the augmented covariance as

14
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https://2.24)-(2.26

P 0

x nxn, nxn,
a__
P - On‘,xn Q Onvxnn (237)
n,xn Onnxnv R

where n,n,, and n, are the dimension of the state, the dimension of the process noise,
and the dimension of the measurement noise, respectively.

Then the prediction step and update step can be rewritten as:

2(n+n‘,+n” )+l

Ge= X Ws(E) (2.38)

2(n+n,+n, )+l T
Pl = z we (f(g?)_XZVC—I)(f(éia)_XZ\k—l) (2.39)
i=l
where &' is given by
& = (SMH )'Y:l + X (2.40)
with
a a a 4
Pk—l\k—l = Sk—l|k—1 (Sk—l\k—l ) (2.41)
Note, v; and W;* can be obtained by Eq. (2.27).
Similarly, Egs. (2.21) and Eq.(2.22) can still be used, and Eqgs. (2.23)-(2.26) can be

rewritten by

L =P (P) (2.42)
2(n+n,+n, )+l

Pi= X (st ) (n(e)-9) (2.43)
2(n+n,+n, )+l

o= > e (n(e)-90)(n(g)-50) (2.44)
2(n+nl:jnn)+l

vi= X wa(g) (2.45)

There are many numerical rules that can be used to approximate the integral in
Eq. (2.27). They are summarized in References [38-40, 58, 59]. In the following, many

typical numerical integral techniques are introduced.
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https://2.23)-(2.26
https://Eq.(2.22

2.2.1.3 Unscented Transformation

The unscented transformation (UT) is an approach to choose points that can
approximate the mean and covariance more accurately. By the unscented transformation,

the points y, and weights W, in Eq. (2.27) are given by
7,=0 W, =k/(n+x) i=1
v=y(n+x)e,, W =1/(2(n+x)) i=2,-,n+1 (2.46)

¥, = 1/(n+1c e ,—1/( n+x ) i=n+2,---,2n+1

where « is a parameter to tune the value of Y, and W, are the weights corresponding to
7.

Take a nonlinear function y = f (x) for an example, where y € R"; xeR". To
calculate the mean and covariance of ¥, by Eq.(2.28), 2n+1 points with different

weights are chosen as follows:

7, =% W, =k/(n+x) i=1
9, =%+ ( P) =1(2(n+x))  i=2nt] (2.47)
7, =2=(J(n+x)P,) W =1(2(n+x)) i=n+2 2041
where P__ is the covariance of X; ( n+K P ) is the i row or column of the matrix

( (n+K)P ) and (n+x)P, =\/(n+K)P (\/(n_'_K)Pxx )T. Then the mean and

XX

covariance of y can be approximated by the following equations

~ Z w.f(1,) (2.48)
P~ S (£(3)-5)(F(3)-5) (2.49)

i=l1

It has been proven that the unscented transformation can capture the third order
information of the system for a Gaussian system [36].
Different point selection strategies related with the unscented transformation

include the symmetric point [35], minimal-skew simplex points [60], spherical simplex
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https://Eq.(2.28

points [61, 62], the Schmidt orthogonalization-based simplex set [63], and those with
more than 2n+1 sigma points for accuracy enhancement [64-66], where # is the
dimension. Various sampling methods of the UKF were compared in [67, 68]. For n-
dimensional systems (7>1), the original UKF using 2z +1 symmetric points is accurate
for the 3™ degree polynomials. With reduced computational cost, the simplex UKF and
the spherical simplex UKF can be partly accurate for 3™ degree polynomials using 7+ 2

nonsymmetrical points.

2.2.1.4  Central Difference
Let us define f(x)=f (ST X+X, ), which can be approximated by [56]

Zax 1 x (2.50)

where x, is the i entry of X ; a,, the element H,, and H, ; of the symmetric matrix H

are given by [56]
a =f(he");hf(_hef) 1<i<n (2.51)
H, = f(hef)_zf}f?)Jrf(_he") 1<i<n (2.52)
Hi’j:f(he,+hej)+f(0)h2f( he,)— f( hej) l<i<i<n @:53)

where / is a tunable parameter and e, is the unit vector in R" with the /™ element being 1.

Then,
~ 1 ~ 2]

(27Z)n/2 exp(—x2/2)dx :f(0)+Z_Hi,i (2.54)

I]R”'ii(x)iz(x)(;n/zexp(_xz/Z)dX
=I'1+ Z(aa +Lm Hz}rzHl W

1#]

[\

(2.55)
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(0)+Z%H{;i( j=1,2); a/ and H/, related with fj (s) can be obtained

i=l1

where I/ = f.

J

by Egs. (2.51) and (2.52).

Using Eqgs. (2.54) and (2.55), the prediction step can be rewritten as

Ry = i(o)+_§n;lHu (2.56)

P =D aa Z—H H/ +Q (2.57)
Similarly, we define &(x)= h(STx + ik|k—1) . Then, it can be approximated by

< 1 . .
+Zb.x. +—x'Gx. Note, b, and G are similar to ¢, and H in Eq. (2.50).
1l 2 1 1

i=1

The following equations can be obtained in a similar fashion as the Egs. (2.56) and (2.57)

[56].
=S"[b,,--- b] (2.58)
=Z bT+z G, G/, (2.59)
¥, =h(0)+ Z;G (2.60)

More details can be found in [56].

2.2.1.5 Gauss-Hermite Quadrature

For the univariate Gauss-Hermite quadrature (GHQ) rule that represents the
univariate standard Gaussian distribution N(x;0,1) with m quadrature points, 7, and W,
can be calculated as follows [29, 56]. If m =1, then ¥, =0 and w, =1.If m>1, first
construct a symmetric tri-diagonal matrix .J with zero diagonal elements and
Jiin =S = «m 1<i<m—1. Then the quadrature point }; is calculated by

V= «/Egl., where &, is the i" eigenvalue of J . The corresponding W. is calculated by

18
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1

w,=(v, )12 where (v, ), is the first element of the i"" normalized eigenvector of J . The
univariate GHQ rule with m points is exact up to (2m—1)" order polynomials [56].

To represent N (x; 0,1, ), the multivariate GHQ rule extends the univariate m-
point set to the n-dimensional point set by the tensor product rule [29, 56]. It is exact for
all polynomials of the form xj'x ---x) with 1<i, <2m—1[29, 56]. However, the total
number of points N, =m" increases exponentially with the dimension 7.

For example, the two dimensional GHQ points Y, and weights W, constructed
from 3 univariate GHQ points },,7,,); with corresponding weights w;, w,, w; by the

tensor product rule contains 3°=9 points
(71>71)’(71’72)’(7’1’7’3)
(72’71)’(72’72)’(7/2’73)
(7/3=7/1)’(73’72)’(73’7/3)
and 9 corresponding weights
WW, WW,, WW,
Wy W), Wy Wy, Wy Wy

WyW, WaW,, Wi Wy

where y1=—\/§,72=0, and 7/32\/5; w=1/6,w,=2/3, and w,=1/6.

2.2.1.6 Cubature Rules

Cubature rules, also called spherical-radial rules, have been used in multiple
integrals [37, 69, 70]. Cubature Kalman filters with different accuracies can be obtained
by using cubature rules with different degrees of accuracy in the framework of point-
based Gaussian approximation filters. Recently, the third-degree cubature rule was used

to solve the nonlinear estimation problem in [37].
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Before introducing the cubature rules, we consider the following integral.

I1(g)= J.R" g(x)exp(—xTx)dx = I:IU g(rs)r"’1 exp(—rz)a’a(s)dr (2.61)
wheres =[s,,5,,--,5,] ,U, = {s eR":s)+5) +-ts. = 1}, and o (-) is the spherical
measure on U, [37].

Equation (2.61) contains two different types of integrals. The first type of integral
J:O g(r)r”’1 exp(—r2 )a’r is the radial integral [37, 69, 70] and the second type of integral
jUn g(s)do(s)is the spherical integral [37, 69, 70]. The cubature rule is based on the
combination of these two types of integrals and the following fact [37, 69, 70]: If the

radial integral can be approximated by the N, —point radial rule
jo g(r)r" exp(—rJdr ~ z w, (2.62)
and the spherical integral can be approximated by N_-point spherical rule,

IU,I g(spo(s)= ij;ws,jg (s,) (2.63)

where r; and w, ; are points and weights for calculating the radial integral, s, and w,
are points and weights for calculating the spherical integral, then Eq. (2.61) can be

computed by

I(g) = IO P exp(—rz)IUn g(rs)da(s)dr r I:r”"l exp(—rz)iwwg(rsj )dr

N, N, (2.64)
- le le Wr’iws’fg(risj )
=1 j=
The third-degree spherical rule is given by [37]
A n
Iy, 5 (g)=2—,';2(g(ej)+g(—ej)) (2.65)

=
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where 4, =2T(1/2)" /F(n/2) = 2@/1“(11/2) is the surface area of the unit sphere;
I"(n)is the gamma function defined by the integral I'(n)= J:O exp(—A)A""'d A e, is the
unit vector in R” with the /™ element being 1.

The third-degree radial rules can be obtained by the moment matching method.

The general moment matching method can be described by
jo g(r)r " exp(—r Jdr = z w, (2.66)

where g(r) is a polynomial.

For the third-degree radial rule, the following equations can be obtained.

it -Sr()
’ 2 \2

wrlrlzzll“ ln+1 =2r ln
’ 2 \2 4 \2

Note, the terms on the right-hand side of Eq. (2.67) are the exact moments in Eq. (2.66).

(2.67)

Solving Eq. (2.67), the point and weight for the third-degree radial rule can be

obtained.
n
r= /5 (2.68)
(n/2
w,, = (’;/ ) (2.69)

Hence, the third-degree cubature rule is given by

.[R”g( )N(X 0, I)dx_ },/2_[ g(\ﬁX)GXp(—XTX)dx
—%FJ‘ g(\/ErS)r""l exp(—rz)da(s)dr
— ZZWr,Ws,g(ﬁns ) (2.70)

i=l j=1

gn SCREIE )

LS {o{e Jos{ e

J=
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The higher-degree cubature rules can be obtained by combining the higher-degree

spherical rules and the higher-degree radial rules.

2.2.1.7 Divided Difference Filters

The divided difference filters are based on Stirling®s interpolation. In this section,

the first order and the second order Stirling"s interpolation are introduced.

2.2.1.7.1  The First Order Stirling’s Interpolation

The first order Stirling™s interpolation can be described by [57]

y=/(x)=7F(8)~ 7(3)+ ZA@“ (6+he)2hf(8_he‘) (2.71)

where 8= S7'x; S is calculated from covariance factorization of covraince P, i. e.
P=SS"; Aéz . 1s the i" element of vector 89— (3 is a reference value), and /4 is the
interpolation interval.
The mean and covariance can be calculated by the first order Stirling™s
interpolation [57, 71]
o = f(f;) (2.72)

Z( (X +48,)~ £ (3—1S,))(f(x+hS,)- f(3-18,))  (2.73)
P2 = ZS( f(x+hS)~ f(x-1S,)) (2.74)

where S, is the /™ column of the matrix S .
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2.2.1.7.2  The Second Order Stirling’s Interpolation

The second order Stirling™s interpolation can be described by

=

f($+ hei)—j_‘(f‘)—hei)

y=r(x)=7(8)= F(8)+>.A¢ -
i=1

o o o (2.75)

oo F(3+he )+ F(8=he,)-27(3)

“2(24) 20
The mean and covariance can be calculated by the second order Stirling™s
interpolation [57, 71]
. h - . 1 & . .
§o2 :Tn"f(x)+WZ(f(x+hSi)+f(x—hSi)) (2.76)
i=1
h -1

PP =P — X + hS, X—hS,)-2f (X

W =R D (S (RS )+ S (3-S,) =21 (%) -
x(f(X+48,)+ f(X—hS,)-2f (%))
P27 =iisi(f(mhs,.)—f(ﬁ—hsi))f (2.78)
i=l

For the Gaussian distribution, the optimal choice of the interval is 4> =3.

Note that the mean computation of the unscented transformation and the second
order Stirling™s interpolation are the same [57, 71]. In addition, the cross covariance
matrices calculated by the unscented transformation and the Stirling™s interpolation are

the same when n+x = /#*[57].

2.2.1.8 Discussions

Compared with the multivariate GHQ rule, the unscented transformation (UT)
and the cubature rule are much more efficient computationally because the number of
points used or the computational cost is linear with respect to the dimension of the state.
However, the accuracy that can be achieved by the UT and the cubature rule is much

lower than the GHQ rule. Take the UT with 2n+1 sigma points as an example. Without
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loss of generality, assume the covariance of the state is an n xn identity matrix and the UT
uses three distinct sigma points for each dimension. The UT can calculate the expectation
of xl.k ,i=1,---,n,0<k <5 exactly. But the high accuracy of the UT for univariate
polynomials does not imply that the UT is exact for multivariate polynomials up to the 5t
order. It is a known fact that the standard UT fails to calculate the expectation of

xx;, (i,j=1,---,nand i # j) exactly [36]. The sparse Gauss-Hermite quadrature, which
will be introduced in the next chapter, may be considered as a more accurate UT. It can
achieve guaranteed levels of accuracy for multivariate problems when calculating

moments (expectations of polynomials of state variables).

2.2.2  Non-Gaussian Approximation Filters

There are mainly three types of nonlinear filtering methods in this category: the
sequential Monte-Carlo filter [3, 6, 7, 32, 43, 44, 46, 72-75], the point-mass filter [27, 28,
76], and the Gaussian sum filter [3, 33, 45, 77-80]. The sequential Monte-Carlo method is
based on simulations using a set of weighted particles drawn from a proposal distribution
to simulate the dynamic process and measurement process [32, 81]. The pdf can be
approximated by those particles. This method is easy to implement. However, it is
computationally intensive and the direct implementation leads to degeneration problem
[32, 81]. The computational problem is alleviated with the advancement of computation
capabilities in recent years. The degeneration problem is that, in practice, after a few
iterations of the algorithm, all but one of the normalized weights are very close to zero
and large computational effort is devoted to updating particles whose contribution to the
final estimate is almost zero. To solve this problem, many new improvements have been

proposed [6, 32, 81]. Resampling is the most frequently used method. A suitable metric
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of degeneracy of the algorithm was introduced. When this value is greater than the
expected value, a resampling strategy is used. Because the sampling step is difficult to
implement for non-Gaussian distributions, proposal sampling distribution is used to
provide sampling particles [6, 32, 81]. The EKF, UKF and GHQF have been used to
obtain a good proposal distribution [34, 82, 83]. Although the computational efficiency
has been improved in recent decades, the large computational burden for high
dimensional problems still exists, since a huge number of particles is needed [43].
Different from the point-selection strategy of the sequential Monte-Carlo method, the
point-mass filter uses a set of deterministic points associated with specific masses to
represent the pdf. Although it works well for lower dimensional problems, the point-mass
filter is difficult to use for high dimensional problems, since the computational burden is
large. The Gaussian sum filter is based on the theorem that any probability density
function can be approximated by the sum of finite Gaussian distributions. The non-
Gaussian distribution is first described by finite Gaussian distributions. Then, each
Gaussian component uses the procedure of the Gaussian approximation filter, such as

EKF, UKF, or GHQF.

2.2.2.1  Sequential Monte Carlo Method

The integrals in the Chapman-Kolmogorov equation and the Bayesian equation
can be calculated by the Monte Carlo method. Assume we are able to simulate N,
independent and identically distributed random particles {xg’g ;i=1---,N g} according to

the pdf P(Xl;k | Y ) . An approximation of this distribution is given by

1 & ;
P, (Xlzk | Y ) = N 25(X1zk - ngz) (2.79)

s i=1

where &(-) denotes the Dirac delta function.
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Hence, the integral /( f)= j f(x,) p(xy 1Y, )dx,, can be approximated by

1 ;
Iy (f) = J.f(xl:k)pNS (X1:k |y1:k)dxlzk :VZJ{(X%) (2.80)

s i=l

From the set of random particles {xg',z,l =1,---,N, } , we can easily estimate the
value of /( f). When the number of particles N, goes to infinity, 7, (f') will be equal
to the true 7( f).

The merit of the sequential Monte Carlo method is that the central limit theorem
guarantees that this type of method has a convergence rate independent of the dimension
of the integrand. In contrast, any deterministic numerical integration method has a rate of
convergence that decreases with increasing dimension [32].

For a general non-Gaussian, multivariate or multi-modal pdf p (xk Y ) , it may
be difficult to generate samples from p(x n ylzk). To overcome this difficulty, we assume
that q(xk | Y1 ) is another pdf from which samples can be easily drawn. Then we can
write p(X, |y, )< q(X, |y, ), which means p(x, |y,, ) is proportional to ¢(x, |y, ) at

every X, . The scaling factor can be written as

:p(xk|y1:k) 281
a)(Xk) Q(Xk|Y1:k) 28D
Hence,
f k k k ’ Lk d k
E[f(x)], RECEUTL (2.82)

lfia) _[a)(xk)Q(Xk |y1:k)dxk
where E[-] = denotes the expected value with pdf p .
If N, particles {ng),i = 1,---,Ns} are generated from ¢(x, |y,, ), Eq. (2.82) can

be rewritten as

1 & . )
v 2 (o)
L7002 B ()l e
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where

()
o(x!)= Oi(xk ) (2.84)
v o)
Ns i=l

Suppose we have a set of particles and weights that characterizes a posterior pdf

for timesup to #,_, . Thena posterior pdf can be approximated by

P X |Y1k 1 Za)k 1 (Xk 1 k)l\k 1) (2.85)
and

()
. P\X ke
@ﬂ=—£ﬁ&ﬁ (2.86)

i q (ngzuk—l )

The importance sampling method can be modified to calculate an approximation
of the current pdf without modifying past simulated trajectories.
q (Xlzk | Y1:k) =4 (Xlzk—l | Y1k )q (Xk | Xpp1 Y1:k) (2.87)
Eq. (2.87) can be rewritten as follows:
Ny
q(xlzk |Y1:k):q(X1)Hq(Xk |X1:k—l’y1:k) (2.88)
k=1
We want to approximate p(x, |y, ) with the new set of samples and weights. The

weight update equation for each particle becomes

(i) (i) p(yk |X%2‘—1)p(xgl—l |X§21\k—1)
G % ()

q (Xk\k—l | chizl\k—l)

(2.89)

where XSJ‘L] are given by
ng\l—l =f (ngl\k—l’vgzl) (2.90)
with v(k’zl being the random sample from the pdf of the process noise.

Finally, the posterior filtered pdf p(x, |y, ) can be approximated by

Xklylk Za)k ( _Xk\kl) (2.91)
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Unfortunately, the unconditional variance of the importance weights increases
over time [32], In practice, after a few iterations of the algorithm, all but one of the
normalized importance weights are very close to zero and large computational effort is
devoted to updating trajectories whose contribution to the final estimate is almost zero.
The resampling method eliminates trajectories or samples with small normalized
importance weights and concentrates upon trajectories or samples with large weights. A
suitable measure of degeneracy of the algorithm is the effective sample size N, which is

defined as

N =L (2.92)

N,
2 ()

If the effective sample size is less than a given threshold N, , then resampling is
performed. There are also other resampling strategies [32].

We use the bootstrap filter as an example to illustrate the procedure of the particle
filter. The bootstrap filter uses the state transition density f as the importance sampling
distribution. The corresponding importance weights then are simplified to
o o< o p(y, X0, )-

The procedure is given as follows:
Initialization
For i=1,---,N,, sample 1 = p(x,)
Importance Sampling Step
1. Fori=1-,N,, sample X from p(xk ]5(52_1), ie x\)= f(xk |)~(£’,2_1)
2. Fori=l---,N_, evaluate the importance weights a),gi) = ,(C'fl p(yk |i(kf)).

N
3. Normalize the importance weights, c?),gl) = a),E’) wa) :
Jj=1
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Resampling step
1. Obtain N, replacement particles ([ig” ;i:1,~~~,NS) from the old set

([igk} ;izl,---,NS) according to the normalized importance weights cb,Ei) ; let
= dold

2. Use the N, replacement particles ([ig’l lew ;i=1,- ~,NS) and a),gi) in the importance

sampling step to propagate particles.

2.2.2.2  Point-Mass Filter
Assume the pdf can be represented by a set of deterministic points
{x(i);i =1,-- -,NS} with a set of volume masses {a)(i);i =1, N, } of each point. The
probability values of points are { p,(f);i =1, Ns} . Then the prediction step and update
step of the Bayesian filtering can be rewritten as
Prediction:
Ny
plhics = 0l plhoe e (X = £ (x)) (2.93)
where ng&fl are predicted points determined by a specific algorithm [27, 28]. pi",)kfl () is
the probability associated with the process noise pdf at a specific point.
Update:
o =o)L -A(xEL) 9)
where ¢, = i“a),ﬁ")pi%klpﬁf)k (Xg&{ - h(Xg&,1 )), p,(li)k_l () is the probability associated with

the measurement noise pdf at a specific point. More details about the point design of

XS;LI and xﬁj& can be found in [27, 28].
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The main disadvantages of the point-mass filter are: 1) it is computationally
intensive and hard to use for high-dimensional problems because of the large number of

points that is required; 2) the point design for XSJ‘LI and ng& is complicated.

2.2.2.3  Gauss Sum Filter
Non-Gaussian noise distribution can be approximated by a finite sum of Gaussian

distributions. Any probability density function p, can be approximated by [29]

P, ~ZaN (x;x,,P) (2.95)

where N, is the number of Gaussian distributions; @, is the coefficient for the i

Gaussian distribution N x X, P and Za =1.

Based on Eq. (2.95), we assume that the initial pdf p, ,, the pdf of the process

noise, and the pdf of the measurement noise at time k can be approximated as

Zaxolpxm ZaxozN( X5 01’P01) (2.96)
K= Zav,k,iN(Vk;‘A’k,ka,f) (2.97)
il
NII
k= Zan,k,iN(nk;ﬁk,i’Rk,i) (2.98)

i=1

where coefficients satisfy
Nyo N, N,
Z ax,O,i = 1 zav,k,i = 1 Zan,k,i = 1
i=1 i=1 i=1

Because the pdf at time & —1 can be approximated by a finite number of Gaussian

distributions, each Gaussian distribution component can be predicted separately.

p X |Y1k 1 Z O k1 (Xk—l;f‘k—uapk—l,i) (2.99)

The transition pdf at time k& can be approximated by N, Gaussian distributions as
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Xk |Xk 1 Zavkj (Xka Xk_1)+€’k,jan,j) (2100)

The predicted pdf at time £ can be described by

xkl vk

Xk |Y1k | Z Zaxk 1Li%v i ]J N(X;Xklk—l,i’Pk\k—l,i)

i1 1 (2.101)
xN(xk,f(x)+vkj,ij)
It can be rewritten as
Nx,k—l Nv,lr
p(Xk | Vi ) = ax,k—l,iav,k,jN(Xk;ﬁk\k—l,i,_;" Pk|k—1,[,j) (2.102)
i1 =1

where X, ;. and P, ;. are calculated by Gaussian approximation filters, such as,
EKF and UKF.

Reordering the Gaussian components of p(x, |y,,_, ), we have

Xk |Y1k 1 Zaxkr (Xk;ik\k—l,r’Pk\k—l,r) (2.103)

where Nx,k = Nx,k—l 'Nv,k N A LAY R LTINS VTR VST and Pk\k—l,r = Pk\k—l,i,j .

Assume the likelihood function p(y il xk) at time k can be approximated by[29]

yk|xk Zankl (Yk’ Xk)+ﬁk,j’Rk,j) (2.104)

The updated pdf can be calculated by

Ny *No

Xk | Y1k z X (Xk\k,r’Pk\k,r) (2.105)

a, k\k—],ian,k,jN(yk 5 yk|k—l,r ) Pyy,r )

Nux Nyk

Z ax,k\k—l,ian,k,jN (Yk Y kke-1,r5 Pyy,r )

j=1 i=l

wherea,, , =

The mean X, ., covariance P, . aswellas y,, . and P can be obtained by

yy,r

Gaussian approximation filters, such as EKF or UKF.
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CHAPTER III

SPARSE-GRID BASED NONLINEAR FILTERS

In this chapter, three sparse-grid based filters, including the sparse Gauss-Hermite
quadrature (GHQ) filter, sparse-grid quadrature filter, and anisotropic sparse-grid
quadrature filter, are introduced.

Before introducing this new filter, it is worth discussing the motivation of using

the sparse-grid method.

Take one dimensional Gaussian type integral as an example. Two different types

of integrals J‘R /(x)N(x;0,1)dx and IR f (x)2N (x;0,1)dx are needed to be calculated in

the filtering algorithm.

By the Taylor series expansion, f (x) can be represented by

£(x) = £(0)+ 1 (0) (x - o)+f"( ) (- )2+%(!0)(x—0)3+m 3.1

Hence, the following two equations can be obtained.

(II

g E[x]+ (3.2)
[ ';('O)TE[xs]+...

(3.3)

E[ f(x)]= £(0)+ f(0)E[x]+ E

E[f(x) £ (x)]=(7(0) +(s"(0) [

f
It can be seen from the above equations that more accurate expectation can be obtained

by using more terms in the Taylor series expansion. In addition, the problem is converted
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to how to calculate the high-order moments of x with a standard normal distribution.
The conclusion is also true for the multidimensional Gaussian type integrals.

Recall that the UT and the cubature rule can capture up to third-order information
of f (x) when they are used to calculate the integrals. However, the higher-order
information is discarded. To improve the accuracy, the GHQ rule is proposed and can
capture higher-order information. Unfortunately, the GHQ rule has the curse of
dimensionality problem. To alleviate the curse of dimensionality while maintaining close
performance to GHQ, the sparse-grid quadrature rules and nonlinear filters are proposed

as follows.

3.1 Sparse Gauss-Hermite Quadrature Filter

3.1.1 Sparse Gauss-Hermite Quadrature

In this section, the sparse Gauss-Hermite Quadrature (SGHQ) is introduced. The
SGHQ is based on the Smolyak*s rule for multivariate extension of the univariate GHQ

rule and integration operators. The Smolyak rule is given by [41, 84, 85]

jwf(x)N(x;o,ln)dszmL ()2 Y (A ®--®A")(f) (3.4)

ZeY,

where x = [x],---,xj,---,xn ]T; E=£(i,,-,i,) is the accuracy level sequence; 1, , (f)is
the multidimensional integral of the function f with respect to a Gaussian distribution
with the accuracy level L, L e N; N is the set of natural numbers, and 7 is the
dimension. By accuracy level L , it means that /,, (f') is exact for all polynomials of
the form xJx7 ---x" with Zn:i . <2L -1 [56]. The operator “® ” denotes the tensor

j=1

productand A” =1, — 1., Vi, eN,(j=1---,n), where/,=0 and I, is the univariate

GHQ rule with the accuracy level-i; e =.
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Ii/ = Z f(?ﬂ_,)ws, z_[Rf(x)N(x;O,l)dx (s; eN) (3.5)

75, €Xy;
where X, is the univariate GHQ point set with the accuracy level-i;; y, and w, are the
univariate GHQ point and weight, respectively. By the accuracy level-i, for the univariate
GHQ rule, it means that 7 i is exact to at least the (2i, -1 )th order of all univariate
polynomials. The minimum number of quadrature points for / ; is 1,[25].

The accuracy level set Y, ; in Eq. (3.4) is defined by [84]
Y,%Lé{EcN”;ij ZI,Z(Z"I.—I)S(L—I)} (3.6)
J=1

where N" denotes an n-element sequence of natural numbers.

In order to use the univariate quadrature rule, Eq. (3.4) can be rewritten as [84,

86]
_ L n—1
[n,L (f)_EEY”L( 1) (L_1+n_|5|j(111 ® It”)(f) (37)
where |Z| denotes the summation of the elements in = ;
YMé{EcN”;ijzl,L—nsi(ij—l)s(L—l)} (3.8)
=

and

(L,@1)N)2 Y 3 wow fr.) (3.9)
Vs €X5 75, €Xi,

where X, is the univariate point set of /, and w, is the corresponding weight of the
point y, € X, .
Equation (3.7) is equivalent to the following equation that was used in Refs. [84,

86]

L

ZLI: (_l)L—lfq (Ln—l ] Z (]il @]l)(f) (3.10)

Ji -
mt (f) =L-n _l_q ZeN”

q q
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where ¢ is an auxiliary parameter to prescribe the range of the univariate accuracy level-

lj.

N7 in Eq. (3.10) is defined as [84]

., EcN':>»i =n+qg; forg>0
N; = { ; ! } G.11)
%) forg<0
The corresponding sparse-grid point set defined by X, ; is given by
X, = U (x,©-®Xx,) (3.12)
’ EeY, ! "

The weight IV, for each multivariate GHQ point ¥, in X, is the sum of the
weights on the point over all combinations of X, ®---QX , containing that point [25].

Moreover, for one specific combination = , the weight on the point ¥, is calculated by

- -1
W :(—I)L“"“( n j(Wsl Xeeex W, x...st’l) [25].

L-1+n—||

To better illustrate the SGHQ, we show how to use the Smolyak®s rule to
construct X,;(n=2, L=3) from the univariate GHQ point sets X,, X, and X,
containing 1, 3, and 7 points, respectively, as shown in Figure 3.1. The single point in X,
is represented by a circle ,,0% the points in X, other than the origin are represented by
asterisk ,,*; and the points in X other than the origin are represented by point ,,« ““. Note
that we use 2" —1 points for the univariate point set with the accuracy level-L as an
example. Other choices of point sets can be adopted as well and will be discussed in
detail afterwards. From Eq. (3.10), ¢ can be 1 or 2 and then we have N} = {(1,2),(2,1)}
and N3 = {(1,3),(2,2),(3,1)}. The first combination in N7 is (L2),ie i =1land i, =2.
This determines the tensor product X, ® X, and leads to the 3 points along the horizontal
axis. Similarly, the second combination in N; is (2,1) ,i.e. i, =2andi, =1 , which

generates the tensor product X, ® X and 3 points along the vertical axis. Note that in the

35

www.manaraa.com



tensor products of X, ® X, and X, ® X|, there are two new points added to the point sets
along the two axes and one repeated point at the origin contributed from X, , which is
considered as an old point. Other tensor products in N2 can be generated in the same way.
The final sparse-grid point set X, ; leads to 21 points as shown on the bottom right of
Figure 3.1. In comparison, the point set of the conventional GHQ rule is only determined
by X, ® X, generated from the 7-point X , which results in 49 points as shown on the
upper right of Figure 3.1. As can be seen, the SGHQ uses significantly fewer points than

the conventional GHQ.

X, ®X,
GHQ oo o o o oo
X, X s SRR EE
X, ®X, X, ®X, \
k ok ©ee o O o oo
X,®X, X, ®X,
* * ok ok : SGHQ ¥z
o o * % *
* * e oke O eke o
X, ®X, * F
o

J

Figure 3.1  Multivariate GHQ and SGHQ with the accuracy level-3 for 2-dimensional
problems

The following theorem reveals the relationship between the univariate GHQ and

the multivariate SGHQ in terms of the accuracy.
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Theorem 3.1([85]): Assume that the sequence of univariate quadrature rules
I ={I,:ieN} is defined such that 7, is exact for all univariate polynomials of order up
to2i—1. Then, the Smolyak rule 7, ; using / as the univariate basis sequence is exact for
n-variate polynomials of total order up to2L—1.
Proof: Refer to [85].

Remark 3.1: In Figure 3.1, 2" -1 points are used for the level-L univariate GHQ.
The number of points other than 2" —1 can be used as well, for example, L (minimum
number of points) or 2L —1. Different univariate point-selection strategies generate
different locations of the univariate GHQ points, which is similar to the effect of the
tunable parameter K for the UKF. Increasing the number of univariate GHQ points can
increase the accuracy level for that particular dimension. It is important to note that
increasing the accuracy level of the univariate GHQ may or may not increase the
accuracy level of the multivariate SGHQ.

The generation of SGHQ points and weights is given by Algorithm I. Note that

some of the weights may be negative, which is the case for the UT as well.
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Algorithm 3.1 Generate SGHQ Points and Weights

[;(, W] = SGHQ[n,L]
( 7 : SGHQ point set; W: weight set with the element of w, )
FOR g=L—-n:L-1
Determine N
FOR each element Z=(i,--,i, )in N}, form X, ®X, ®X
FOR each pointin X, ®X, ---®@X,
IF the point is new, add it to y , assign a new index s to the point and
calculate its weight as
=( “”C“"]_[w (3.13)
where C-* is the binomial operator.
ELSE (the point is already existing) update the old weight by
w, =W, -I- L - T qu (3.14)
(wl.p is the GHQ weight for the univariate x,, one of the state variables; W,
can be calculated by the univariate GHQ rule in Section 2.2.1.5)
END IF
END FOR

END FOR

END FOR

The following theorem reveals the relationship between the SGHQ and the UT,

and shows that the UKF with certain parameters is a subset of the SGHQF.
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Theorem 3.2: If one point and three points are used for the univariate level-1 and
level-2 GHQ respectively, the UT with the suggested optimal parameter kK =3—n is
identical to the SGHQ with the accuracy level-2; if one point and two points are used for
the univariate level-1 and level-2 GHQ respectively, the UT with x =1—n is identical to

the SGHQ with the accuracy level-2.

Proof: If one point and three points are used for the univariate level-1 and level-2

GHQ respectively, using the univariate GHQ rule discussed in Section 2.2.1.5, the point

set at level-1 is chosen as X, = {0} with the weight of 1. At level-2, the univariate 3-

point setis X, = {O, \/g , —\/g } with the corresponding weight sequence of (%,é,éj For

the accuracy level-2 (L=2), the value of ¢ in N’ can be 0 or 1. N§ contains only one set

= , of which all elements are 1. The only point corresponding to N is [O, 0, -O,O]T

n elements

. 2-1-0 21140 T 1 n .
weighted by (—1) xC | xIx1x--x1=—(n-1) (Eq. (3.13)). N} consists of n

sequences, 1.e.

N;z _{(2,1"1’1)‘,(1,2’A1,1)’(1,1’2,1’1)"(1’1,A1’2)‘}

n element set

In each sequence, only one element equals 2 and all the others equal 1. Each
element set in N determines a tensor product sequence of X ;, Where i, e e NJ. Take
the combination (2,1,---1,1) as an example. The sequence (2,1,---1,1) implies the tensor
product X, ® X, ---® X, ® X|. Because X, contains three one-dimensional points, the
point set of X, ® X,---®.X, ® X, contains three n-dimensional points[0,0,---0,0]

[ﬁ,o,---o,o}r and [—\/io,---o,o}r as well, with the respective weights (Eq. (3.10)),
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n—1

n—1 elements n—1 elements
(_I)Z—I—IXCZ_I_IX gxlxlx...xl =z’ (_1)2—1—1XC2:1—|X lxlx]x---x] =l’and
3 3 n-1 6 6

product of weights product of weights

n—1 elements
(1) x| LTt | =L
6 6

n—1

product of weights

Since the point[0, 0,---0,0]T appears n+1 times (n times from N; and one time
from N{) while the other points appear only once, the final weight of [0, O,-~0,O]T is

calculated as a sum (Eq. (3.14)):

n

2-1-0 2-1-0 L 2-1-1 2-1-1
(—1) xC 7 x| IxIx---x1x1 +(—1) xC " x

product of weights

n_elements

2 n—1 elements 2 n-2 elements n—1 elements 2
[Exlxlx---le+(lx§><1><1><---xl]+---+[lxlx---xlx§}

product of weights product (;t‘weights product of weights

Simplifying it, we get—(n —1)+ 2?’1 = 3_Tn .

To summarize, the points Y, and the weights W, of the SGHQ with the accuracy

level-2 are
== e T _n
v, =[0,0,---0,0] wo=>""

yi:«/gei_l, 2<i<n+l
v,=—3e,,,, n+2<i<2n+1

(3.15)

They are exactly the same as the UT if x =3—n (comparing Eq. (3.15) with Eq. (2.46)).

If one point and two points are used for the univariate level-1 and level-2 GHQ

respectively, the corresponding point sets become X, = {0} with the weight of 1 and

X, = {1,—1}with the weight sequence of (%,%j For the accuracy level-2, the value of ¢

in N canbe 0 or 1. Ng contains only one sequence, of which all elements are 1. The
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only point corresponding to Nj is [0,0,- «O,O]T weighted by
n elements

(—1)27170 xC2 " x1x1x---x1=—(n—1)=1-n. N} consists of n sequences. In each

n

sequence, only one element equals 2 and all the others equal 1. Consider the combination
(2, L ~1,1) as an example. Because X, contains two one-dimensional points, the point set
X, ®X,---®X, corresponding to (2, L1, 1) contains two n-dimensional points

[1,0,- . -O,O]T and [—l, 0,---0,0]T as well, with the respective weights (Eq. (3.13))

n—-1 elements n—1 elements

(—1)2_1_1><C2'H><f><l><l><~--><1=l and (_1)2—1-1Xcz_i_lxgxlxlxu-xlzg. To summarize, the

n-1 n-—|

points 7y, and the weights W of the SGHQ for this case are

71:[0303"'090]T mzl—l’l

v.=¢._,, 2<i<n+l (3.16)

1

=L (i=2-2041)
Y, =—¢_, ,, n+2<i<2n+1 2

They are exactly the same as the UT if x =1—n (comparing Eq. (3.16) with Eq. (2.46)).
Note that in this case, there is no repeated/old point. Therefore, Eq. (3.14) isnotused. m

Proposition 3.1 Given the accuracy level- L and L—1<n, the number of points
for the SGHQ increases polynomially with the dimension 7 and the highest order of this
polynomial is L—1.

Proof: When L<n, q canbe 0,1,---,L—1. Thus, N canbe Ng,---,N; ;. When
L=n+1, q canbe 1,---,L—1. For NZ , each element sequence in it contains at most ¢
elements that are greater than 1. If it contains ¢ +1 elements greater than 1, then we have

i, >n-q-1+2x(q+1)>n+q, which contradicts the definition of N . The largest ¢
d=l element=1 element =2

for N7 to be a nonempty set is L-1.

When g = L—1, each element sequence in N, contains at most L—1elements

greater than 1. If there are L —1elements greater than 1, there are C,Ll_1 combinations of
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accuracy level sequences. If there are p (1< p <L —1) elements greater than 1, there are
C? combinations of such accuracy level sequences.

When0<g < L-1, each element sequence in N/ contains at most g elements
greater than 1. If there are g elements greater than 1, there are C! combinations of such
accuracy level sequences. If there are p (1< p <q) elements greater than 1, there are C?
combinations of such accuracy level sequences.

For each accuracy level sequence, the number of new points is bounded and is not
equal to 0 since there is at most one point shared by different univariate GHQ rules. The
total number of points is a linear combination of the product of the number of new points
generated from each accuracy level sequence and the associated combinatorial C,, (=p or
q), which is a polynomial in terms of the dimension 1. Hence, when the accuracy level L
is given, the total number of points is a polynomial in terms of 7 and the highest order of
this polynomial is L —1_ which is determined by C:'m

Remark 3.2: In general, the accuracy level L is significantly smaller than the
dimension n. High accuracy level SGHQ needs more points and increases the
computation load unnecessarily when a low accuracy level can provide acceptable

performance.

For convenience, we give the general formula for calculating the number of

SGHQ points with the accuracy level-2 and level-3. Assume the univariate GHQ with the

level-L contains m, points. Nj = {(l,m,l)} generates one point (origin point).

N/ = {(2,1,---,1)- - -(1,1,‘-‘,2)} generates m, xC. new points (excluding the origin point),

. {mz —-1; m, is odd

where m, = . That is because univariate GHQs with an odd number of

my;  m, 1S even

points share the midpoint.
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For

N’ :{{(3,1,...’1),...,(1,13...,3)}’{(2,2,1,...,1),...,(1,...,23...,2,...1)...,(1’...1,2,2)}}’ the

first part of N, generates m; X CL new points (excluding the origin point), where
. {m3 —1; m, 1s odd

m, = . The second part of N, generates m xC? new points (excluding

my;  my is even

o .| (my —1)2; m, is odd
the origin point). m =

m,) m, is even

For the level-2, when n =1, the SGHQ is not necessary. Whenn>2,4=0,1.
Wheng =0, N = {(1, & -,1)} generates one point (origin point). When ¢ =1,
N/ = {(2,1, o, 1)(LLe 2)} generates m, xC. points (excluding the origin point).
Hence, for the level-2, the total number of points is 7, xC. +1=mn+1.

For the level-3, when »n =1, the SGHQ is not necessary. Whenn=2,g=1or 2.
Wheng =1, Nj generates m; X CL new points (excluding the origin point). Wheng =2,
N’ generates m x Ci + m; xC! new points (excluding the origin point). Whether the

origin point exists in the final point set depends on the value of m, and m,, which can be

summarized as

* * * * _1
m xCi+(m3+m2)fol+1=m n(n2 )

+ (m; +m, )n +1  ifm, or m, is odd number

m xC’ +(m;+m;)><CL =m

s n(n—1 __ .
( 5 )+(m3 +m2)n if m, and m, are even number

Whenn >3, g=0, 1, 2. When ¢ =0, N; generates the origin point. When ¢ =1,
N/ generates m, xC. new points. Wheng =2, N’ generates the same new points as
n=2,ie. m xC:+m,xC..

Hence, for the level-3(n = 3), the total number of points is
n(n—1)

m*xCi+(m:+m;)xCL+1:m +(m;+m;)n+1
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Based on the above discussions, for different univariate GHQ point-selection strategies,

the number of multivariate SGHQ points with accuracy level-2 and level-3 is summarized

in Table 3.1.

Remark 3.3: The points for the univariate GHQ rule are symmetric. Thus, the

: . - :
points corresponding to each accuracy level sequence in N are symmetric as well

because they are generated by the tensor product of different level univariate GHQ rules.

Hence, the points generated by the SGHQ rule are symmetric.

Table 3.1  Number of SGHQ points for different univariate GHQ point-selection
strategies with the accuracy level-2 and level-3

m, GHQ level-2 (L=2, n>2) level-3 (L=3, n=3)
L 2n+1 20" +2n+1
2L-1 2n+1 2 +4n+1
28 1 2n+1 2n° +6n+1

For better illustration, the point sets with the accuracy level-2 (using 3-point

univariate GHQ) and level-3 (using 7-point univariate GHQ) for 2-dimensional and 3-

dimensional problems are shown in Figure 3.2 and Figure 3.3 respectively.
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¥ O SGHQ (Lewl2) point
3 *  SGHQ (Lewel3) point
*
2
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! |
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-3
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4
-4 -3 -2 -1 0 1 2 3 4

Figure 3.2  Point set illustration for 2-dimensional SGHQ (level-2 and level-3)

O SGHQ (Lewel2) point
*  SGHQ (Lewel3) point
I

/

Figure 3.3  Point set illustration for 3-dimensional SGHQ (level-2 and level-3)

It has been shown that SGHQ (level-2) when using / points for univariate GHQ
rule /, is identical with the UT with xk =1—n and SGHQ (level-2) when using 2/-1
points for univariate GHQ rule /, is identical with the UT with x =3—n. For
convenience, the formula of the SGHQ (level-3), 7, . ( f), using different point-selection

strategies, is derived as follows. Two different cases are considered.
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In the first case, / points are used for univariate GHQ rule /,. The points and

weights for different /, are listed in Table 3.2.

Table 3.2  Univariate GHQ points and weights of the first case

Points weights
I, 0 1
I8 -1, 1 1/2,1/2
I ~3.0,3 1/6, 2/3, 1/6

By Eq. (3.10), g canbe 0, 1, or 2. Wheng =0, N = [1,---,1]T. This leads to one
point [0,---,0]" with weight (~1)’ C2, =(n—1)(n-2)/2.
When ¢ =1, one element in N} is 2 and others are 1. This leads to 2n points Pl(”

with weight 4,

m_] & i=l-n
PV = ' (3.17)
-e,_, i=n+l---,2n
1 n—1 elements n 1
: —
4 =(-1)C, (EX 1---x1 jz_T (3.18)

When ¢ =2, elements of Z in N, have two kinds of combinations. For the first
kind, one element in N} is 3 and others are 1. For the second kind, two elements in N}
T

are 2 and others are 1. The first kind leads to points Pz(i) with weight 4, and [0,---,0]

with weight 2/3x1xn=2n/3 ..

‘ 3e. =1
PO = Ve, P L (3.19)
B i=n+l2n
1 n—1 elements 1
4,=(-1)C, [gx 1---x1 ]:g (3.20)
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Similarly, the second kind leads to P”) with weight 4; .
e +e, jk=L-nj<k
e —e Jjk=1--nj<k

pi=1" 3.21
3 —e,+e, jhk=1--nj<k (3.21)
—e;—¢ Jk=1-n;j<k
n—2 elements
1 1 1
A =(-1)"C° | =x=x 1---x1 |== 3.22
3 ( ) ’11[2 2 J 4 ( )

By Eq. (3.14), the weight A4, corresponding to the point [O,---,O]T can be

calculated by
(n=1)(n=2) 2n  3n*—5n+6
= J 7 T r 3.23
4 > 3 . (3.23)
Based on Eq. (3.10), the following equation can be obtained.
2n ] 2n ) 4C2 )
Ly(£)=41(0)+4Y F(B)+ 4 f(B”)+ 4> £(R”) (3.24)
i=1 i=1 i=l

Note, the number of points used in Eq. (3.24) is 2n° +2n+1. In addition, it can be
verified that the summation of all weights in Eq. (3.24) is 1.
In the second case, 2/ —1 points are used for the univariate GHQ rule [, . The

points and weights for different accuracy univariate GHQ rules are listed in Table 3.3.

Table 3.3  Univariate GHQ points and weights of the second case

points weights weight values
I, 0 W, 1
0 W, 2/3
I, +3 w, 1/6
0 w, 0.53333
I +5-4/10 w, 0.22208
+4/5+10 Wy 0.01126
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For the accuracy level L=3, by Eq. (3.10), ¢ can be 0, 1, or 2. When ¢ =0, by
Eq. (3.11), N; :[l,---,l]T . This leads to one point [0,---,0]T with the weight
(-1 C2, =(n—1)(n—2)/2 calculated by Eq. (3.13).

When ¢ =1, one element of Z in N is 2 and others are 1. This leads to points
P with weight (—1)1 C,_, (w, x1) calculated by Eq. (3.13). and 7 duplicated points
[0,---,0]" with weight(~1)' C.., (w; x1) calculated by Eq. (3.13).

) 3e.
le:{ j__ez i=1,--2n (3.25)
—3e,_,

When g =2, the elements of = inN) have two possible combinations. For the
first combination, one element of = is 3 and others are 1. For the second combination,
two elements of Z are 2 and others are 1. The first combination leads to points P with
weight 4, , points P” with weight 4;, and n duplicated points [O,---,O]T with weight

w; X1 =w, where

, 5—-+/10e.
Pz(l) — xj— oi=1-2n (3.26)
- S—Mei_n
4,=w, (3.27)
‘ 5++/10e,
p3(l) - V10 Loi=1,--2n (3.28)
- 5+\/Eei_n
4, = w; (3.29)

Similarly, the second combination leads to points }’4(") with weight 4,, n—1 duplicated

P with weight w; xw,, and n(n—1)/2 duplicated [0,---,0]" with weight w] .

\/g(ej+ek) Jk=1--n;j<k

B‘([): \/g(ej—ek) Jk=1--nj<k
«ﬁ(—ej+ek) Jk=1--n;j<k

\ﬁ(—ej—ek) Jk=1--n;j<k

(3.30)
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A,=w (3.31)
Since the point [0,--,0]"is duplicated in all cases, by Eq. (3.14), the final weight of point
[0, -,O]T , denoted by A, , can be calculated by

4,=0.5(n—1)(n=2+nw] ) —n(n—1)w +nw, (3.32)
Similarly, the final weight of point E(i) , denoted by 4, can be calculated by

A =—(n=1)w, +(n—-Dww, (3.33)
5(f) can be obtained.
Lo(£)= AL O+ 421 (7)) + 431 (7))

Hence, /

n

(3.34)

2n ﬂ(n—l)/Z

+4 f(P)+ 4, 3 £(R)

i=l1

The sparse Gauss-Hermite quadrature filter can be obtained by using the SGHQ points
and weights in the framework of the point-based Gaussian approximation filters (Section

2.2.1.2).

3.2 Sparse-grid Quadrature Filter

In this section, a more general sparse-grid quadrature (SGQ) filter is proposed
based on the moment matching method that can include GHQ and UT as a special case
and is more flexible than SGHQ.

To generate an n-dimensional sparse-grid quadrature (SGQ) with accuracy level-
L, the following two steps are needed:

Step 1: choose the univariate quadrature point sets and weights with accuracy
levels from 1 to L using the moment matching method.

Step 2: extend the univariate quadrature point sets and weights to the n-

dimensional SGQ points and weights using the sparse-grid method, i.e. Eq. (3.4).

49

www.manaraa.com



3.2.1 Univariate Quadrature Points and Weights

For the n-dimensional sparse-grid quadrature (SGQ) with the accuracy level-L to
be exact for all multivariate polynomials with the total degree of 2L-1, the univariate
quadrature rule / i (i, €Zand 1<i, <L) needs to be exact for all univariate polynomials
of the degree up to 2i;-1, which can be satisfied using the following moment matching
method.

The general moment matching formula used here (one-dimensional Gaussian type
integral) is

w(p,) (3.35)

M-

I
—_

M:I

J

joxjN(x;O,l)dxz

where M is the j™ order moment; N , is the number of univariate quadrature points; p,
and W, are the univariate quadrature points and weights, respectively. We require that the
quadrature rule be exact for all univariate polynomials of order up to N, —1. Hence, p,

and W, should satisfy the following equation:

1 R T [ M,
. A S S (3.36)
_]_7|N"_1 ﬁévu_l ]3;\]2'_1_ WNU MN“—I

Note that a normalization constraint exists since %Vvi =M,=1.
i=1
The values of p, and w, (i =1---N, )can be obtained by solving the nonlinear
equations (3.36). But the solution is not unique in general. Note that when we choose
distinct points p, (i =1---N, ), the coefficient matrix is the Vandermonde™s matrix whose
determinant is nonzero and the weights w, (i =1 -Nu) can be uniquely determined. The

univariate GHQ rule is obtained when p, are chosen to be the roots of Hermite

polynomials [29]. Because the N, -point univariate GHQ is exact for polynomials of
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order up to (2Nu - 1) as mentioned in Section 2.2.1.5, the GHQ points can match up to
the(2N, — l)th moments.

In this section, we use N, =2/ —1symmetric points about the origin for the
univariate quadrature point set with the accuracy level-/. The locations of the points are
treated as free parameters and the weights are uniquely determined from the point
locations. Other point selection methods are also possible, which will be discussed
afterwards. Because symmetric points are used, we use different notations from those in
Eq. (3.36) to represent the points ( p,) and weights (W, ). We also assume that the weights
for p;and — P, are both W, . Using this point-selection strategy, Egs. (3.19) and (3.20) can

be rewritten as Eqs. (3.37) and (3.38), respectively.

(N, -1)/2)+1
W, + z 2w, Jj=0
i=2
M, = 0 j is odd (3.37)
C((v)2)H ‘
w,07 + 2w.p/  jiseven
i=2
Because N, =2/ -1, we have
1 -1 W, M,
0> py - P o||2w M
S O R B (3.38)
0% 1322/_2 1312[_2 2w, M,_,

In Eq. (3.38), only the even moments are considered because the symmetry of the
points implies that the odd moments are matched automatically. If we choose 2/-1
symmetric and distinct points, the coefficient matrix of Eq (3.38) is a Vandermonde*s
matrix. The weights W, (z‘ =1,---,1 ) can be uniquely determined since the inverse of the

Vandermondes matrix has an analytical form [87].
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In the following, we use the SGQ with L=3 as an example to illustrate the
moment matching method. According to the Smolyak“s wle Eq. (3.4), or Eq. (3.10), we
need the univariate quadrature rules at level-1 (1)), level-2 (/,), and level-3 (I;). For the
univariate quadrature rule /, , the point set is chosen to be {0} with the corresponding
weight of 1. For the univariate quadrature rule /,, we choose the symmetric univariate
quadrature point set as {—p,,0, p, } with the corresponding weight sequence (W,, W, W, ) .
For the univariate quadrature rule /;, we choose the symmetric univariate quadrature
point set as {— D3s—D5,0, Dy, D3 } with the corresponding weight sequence
(W5, W, Wy, Wy, W5 ). To satisfy the condition of Theorem 3.1, these univariate point sets
for level-2 and level-3 should match univariate polynomials up to the 3" order and the 5™
order, respectively.

Note that the above set of notations for the univariate quadrature points and
weights is different from the notations used in the general univariate moment matching
Egs. (3.35)-(3.36), because the SGQ involves different levels of univariate quadradure
points and weights and is difficult to adopt a uniform set of notations for all levels. From

Eq. (3.38), for level-2, p, = p;,W, =W, , and W, =W, , the following equations should be

satisfied.
w+2w, =M, =1 (3.39)
2W,pl =M, =1 '
Solving these two equations for W, and W, leads to
W =1-1/p; (3.40)
W, =1/(2p7)

. N A Y o . . ~ 2 1
If the point set{—p,,0, p, } is the set of univariate GHQ points, p, =+/3, W, = 3 =g

(see Section 2.2.1.5).
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Similarly, for level-3, p, = p,, P, = Dy, W, =W;, W, =W, and W, =W;, the
following equations should be satisfied
Wy +2W, + 2w, =M =1

20, p2 +2W,pr =M, =1 (3.41)
2W, Py +2W,py =M, =3

Solving these equations (if p; # p,) for Wy, W,, W; yields
wy =1-2w, — 2w,
W, == p3)/[2p;(P; — 3] (3.42)
Wy == p) /125 (hs = )]
A A . : A N~ 2
If py=p,,for Eq. (3.41) to remain valid, we must have p, = p, = J3.Then, W, = 3
1

W, + W, = o
Note that the points p,, P, and p,are tunable parameters. When the locations of these
points are given, the weights can be determined from Egs. (3.39) and (3.41).

Remark 3.4: The moment matching method has been used to analyze [36] or
extend the UT [88]. The main difference of this section*s method from the methods used
in those references is that only univariate moment matching is needed in this section and
then the resultant univariate point sets and weights are extended to the n-dimensional
point set and weights using the sparse-grid method. Thus, the computations of the points
and weights are greatly simplified.

Remark 3.5: Other univariate point-selection methods can be used if the condition
of Theorem 3.1 is satisfied. For example, we can use 4/-1 symmetric points for the
univariate quadrature point set with the accuracy level-/, which can match the (41-2)”’
order moments. Increasing the number of univariate quadrature points increases the

accuracy level of the univariate integral approximation. But it may not be sufficient to
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increase the accuracy level of the n-dimensional SGQ. It is worth noting that the
univariate /, with accuracy level-/ requires the minimum number of / univariate
quadrature points. In fact, one can choose / symmetric univariate GHQ points and
weights as the univariate quadrature points and weights to satisfy the level-/ requirement.
Therefore, the univariate GHQ is a subset of the univariate quadrature proposed in this
section. The sparse Gauss-Hermite Quadrature [25] for multi-dimensional problems is a

subset of the SGQ, since they are based on the same sparse-grid method.

3.2.2  Multi-dimensional Quadrature Points and Weights

The n-dimensional SGQ points and weights can be obtained by the sparse-grid
method, i.e. Eq. (3.10). More details can be found in Section 3.1.1.

In the following, three typical cases of SGQ are deduced:
Case 1: p, =P, = P

In this case, the point set{—p,,0, p, } with the weights (W, , W, , ) is used for both
level-2 and level-3 SGQ, and there are three variables, p,, W, and W, . By Egs. (3.39) and

.~ 2 R 1 ) .
(3.41), we find that p, = \/5 , W = E ,and w, = g . Note that this set of univariate

quadrature points and weights are the same as the set of univariate GHQ points and

weights (m, =3).

Since L=3, by Equation (3.10), ¢ can be 0, 1, or 2. Wheng =0, by Eq. (3.11),
N; = [1,---,1]T. This leads to one point [O,- . -,O]T with the weight
(-1)’° C2, =(n—1)(n—2)/2 calculated by Eq. (3.13).

When ¢ =1, one element of Z in N} is 2 and others are 1. This leads to points

P with the weight (—1)1 C (é x lj calculated by Eq. (3.13), and n duplicated points

[O,...,O]T with weight (—1)I C (% X 1) calculated by Eq. (3.13).
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i=1,---2n (3.43)

1=
_\/ge[—n

When g =2, the elements of = inN; have two possible combinations. For the

L=

pi) — { Ve,

first combination, one element of = is 3 and the others are 1. For the second
combination, two elements of = are 2 and the others are 1. The first combination leads to
points B with weight1/6, and n duplicated points [0,-- -,O]T with weight 2/3 .
Similarly, the second combination leads to points P;” with weight

4, =(1/6)x(1/6)=1/36, n—1 duplicated points A" with weight (2/3)x(1/6)=2/18,

and n(n—1)/2 duplicated points [0,---,0]" with weight(2/3)x(2/3)=4/9.

\E(ej+ek) Jk=1--n;j<k
po ) Pleme) k=l <k (3.44)
’ «/g(—ejJrek) Jk=1--n;j<k

\ﬁ(—ej—ek) Jk=1--nj<k

Since the point [0, x -,O]T is duplicated in all cases, by Eq. (3.14), the final weight

of point [0, - -,O]T , denoted by 4, , can be calculated by Eq. (3.4) as

4,=(n-1)(n-2)/2-2n(n-1)/3+2n/3+4n(n-1)/18

3.45
=n*/18—Tn/18+1 (542)
Similarly, the final weight of point Pl(O denoted by 4, can be calculated by
A4 =-(n-1)/6+1/6+2(n-1)/18 (3.46)
=-n/18+2/9
Hence, I, , ( f)can be obtained.
o 4 n(n-1)/2 '
Ly(f)=4f0)+4> F(B7)+4 Y, £(R) (347)
i1 i=1
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Case2: P, =D, # D,

In this case, the point set{—p,,0, p,} with the weights (W,,W,, W, ) is used for
level-2 and the point set {—p;,—p,,0, p,, p,} with the weights (v, W,, W, W, W; )is used
for level-3. There are seven variables, p,, Dy, W, W,,W; ,W,, and Wy, where p, and p,
are two tunable parameters. The weights w.(i =1,--5) are calculated from Egs. (3.39) and
(3.41).

When ¢ =0, a similar conclusion as for Case 1 can be obtained.

When ¢ =1, one element of = in N is 2 and others are 1. This leads to points
P with the weight (—1)1 C,_, (W, x1) calculated by Eq. (3.10), and n duplicated points
[0,-+-,0]" with the weight (~1)' C'_, (4, x1) calculated by Eq. (3.10).

PO = { Pe 1, (3.48)
P,

When g =2, the elements of = inN; have two possible combinations. For the
first combination, one element of = is 3 and the others are 1. For the second
combination, two elements of = are 2, and the others are 1. The first combination leads
to points P with weight W, , P with weight 4, =W, and n duplicated points
[0,- -, O]T with weight W, . Similarly, the second combination leads to points Pp with
weight 4, =%, n—1 duplicated Pl(i) with weight W,W, , and n(n-1) / 2 duplicated

[0,---,0]" with weight W .

bile,+e) Jjik=L-mj<k

po_| Pleme) pk=lomj<k (3.49)
f?l(—e_i+ek) j,k: ,'--n;j<k
ﬁl(—ej—ek) Jok=1--n;j<k
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Since the point [0, ’ -,O]T is duplicated in all cases, by Eq. (3.14), the final weight
of point [0, - -,O]T , denoted by 4, , can be calculated by Eq. (3.14) as:
4y =(n-1)(n—-2)/2=n(n—-1)W; +nw, +n(n—1)w]2/2 (3.50)

Similarly, the final weight of point 131([) , denoted by 4, can be calculated by

A =—(n—=1)w, +(n—1) W, + i, (3.51)
Hence, 7, (f) can be obtained.
2n ( 2n ( 11(11—1)/2 ()
Ly(f)=4f0)+4Y f(BY)+ad F(RV)+4 Y, £(R") (3:52)
i=1 i=1

) . A oA A A oA 2
Case 1 is a special case of Case 2. If p, =p, =p, = \ﬁ, one can get w, =w, = 3’

W, = 2w, = 2w, :é. Additionally[O,--‘,-_Ffal,---,O]T and[O,---,iﬁ3,---,0]T become

2
identical and the weights become 0.5(n —1)(n —2+nv?/f)—n(n —I)WL +nwy = ;1_8 _Z_g“Ll

A [ A A 2 . 1 ) .
, (n=1)W, (% —1) i, +1i = —%+§ ,and W, = % which are the same weights as

those in Case 1.
Case3: D, # D, # Dy

In this case, the point set{—p,,0, p, } with the weights (W, , W, W, ) is used for level-
2 and the point set {—p,,—p,,0, p,, p, } with the weights (5, W,, W, W,, W ) is used for
level-3. There are eight variables, p,, D,, D5, W, W,,W;,W,, and Wy, where p,, D,, Ps
are three tunable parameters. The weights W,(i =1,-+-5) are calculated from Egs. (3.40)
and (3.42).

When ¢ =0 and ¢ =1, similar conclusions as for Case 1 and Case 2 can be
obtained.

When g =2, the elements of Z inN; have two possible combinations. For the

first combination, one element of = is 3 and others are 1. For the second combination,
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two elements of = are 2 and others are 1. The first combination leads to points P with
weight 4, =W,, B with weight 4, =, and n duplicated points [0, -,O]T with weight
W, . Similarly, the second combination leads to points P”) with weight 4, = W5, n—1

duplicated P with weight W, , and n(n-1)/2 duplicated [O,---,O]T with weight W, .

ﬁl(e‘j+ek) Jk=1m <k

P4(f)= ﬁl(ej_ek) Jok=L-n;j<k (3.53)
f)l(—ej+ek) Jok=1-n;j<k

)2 (—ej —ek) Jok=1-nj<k
Since the point [0,- . -,O]T is duplicated in all cases, the final weight of point
[O,- . -,O]T , denoted by 4, , can be calculated by Eq. (3.10) or Eq. (3.14) as:
4y =(n-1)(n-2)/2=n(n=1)W +md, +n(n—1)W; /2 (3.54)
Similarly, the final weight of point P , denoted by 4,, can be calculated by
A =—(n=1)W, +(n—1)W, (3.55)

Hence, I, ,( f)can be obtained.
(n-1)/2

I, (f)=4.f(0 +A2f( )+AZf( )+AZf( )A4z ( 7)(3.56)

1

i=1
Note that Case 2 is a special case of Case 3. If p, = p,, then[O SED, e, ]T and
[0, e E Dy, O]Tbecome identical, and the weights for these redundant points should be

re-calculated as (n—1)W, (W —1)+W,, which is the same as the corresponding weights in

Case 2.

3.2.3 Comparison of the sparse-grid quadrature rules, the unscented
transformation, and the Gauss-Hermite quadrature rule

The following theorem shows that the sigma-points and weights generated by the

UT is a subset of the SGQ.
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Theorem 3.3: The points and weights generated by the UT are identical to the
points and weights generated by the SGQ rule with level-2 accuracy if one point and
three symmetric points are used for the level-1 and level-2 univariate quadrature point
set, respectively.

Proof: For the level-1 univariate quadrature rule /,, the point set is {0} with the
corresponding weight of 1. For the level-2 univariate quadrature /,, the univariate
quadrature point set is {—p,,0, p, } with the corresponding weight sequence (W,, W, W, ) .

Since the accuracy level of the SGQ is L=2, the value of ¢ in Nj canbe 0 or 1.

Wheng =0,N; =1(11,---,1,1) { , the n-dimensional SGQ point corresponding to N will
| S —

n elements
be [O, 0,-- -O,O]T with the corresponding weight of
o o n—1 elements ‘
(-1)7  xCI x| Ix1x---x1x1 |=—(n—1) (using Eq. (3.13)). Wheng =1, the set of

product of weights

accuracy level sequences becomes

N :{(2,1,..-1,1),(1,2,---1,1),-.-(1,-.-1,2,1,---1),-.-(1,1,---1,2)}. Corresponding to the

n elements
sequence(2,1,---1,1), there are three n-dimensional SGQ points [—p,,0, -O,O]T,
[0,0,-- -O,O]T ,and [p,,0,-- -O,O]T. The weights corresponding to [—ﬁl,O,---O,O]T and
n—1 elements

A T . 2-1-1 2-1-1 — A ~ .
[£,,0,---0,0] are the same, i.e. W, =(-1)" xC," x| IxIx---x1xW, |=W, (using Eq.

product of weights

(3.13)). Moreover, for this sequence, the SGQ can match the polynomials of the form

(ax,3 +bx +cx, +d)x§‘x§‘2 --x™  where a,b,c,and d are real numbers, and k,,+,k, can

be 0 or 1, because 1, is exact for all univariate polynomials of the order up to
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2x2—1=3 and [, is exact for all univariate polynomials of the order up to 2x1-1=1,
according to Theorem 3.1. Similarly, for other sequences in N|' such as (1,---,1,2, 1,---1),
there are three n-dimensional SGQ points [0,- -,0,—p,,0,- -O]T , [0,- --,0,0, 0,---O]T , and
[0,---,0, j)l,O,---O]T . The weights corresponding to [0,---,0, —ﬁl,O,---O]T and

[0,---,0, ﬁl,O,---O]T are the same, i.e. W, =W, (using Eq. (3.13)). There are n such
combinations of accuracy level sequences in N; with the similar calculation of n-
dimensional SGQ points and weights. Note that since the point [0, ---,0,0,0,-- -O]T isa

repeated point appearing once in Nj and n times in N, Eq. (3.14) is used to calculate its

n-1

n elements
w, = (—1)2—1—0 x Ci:i*O X [m} n (_1)2—1—1 O

product of weights

n elements ]
r 1
n—1 elements n—-2 elements n—1 elements
. ~ ~ A
weight as x [w, ><1><1><---><1]+{1><wI ><1><1><---xl}+---+[lxlx---xlxwl] .
product of weights product of weights product of weights
=—(n-1)+n-w,
To summarize, the points and weights of the SGQ with level-2 accuracy are
T .
[0,0,---0,0]"; i=1
Y, = De. s 2<i<n+1 (3.57)

-pe. .5 n+2<i<2n+l

and
~(n-1)+n-w i=1
P : (3.58)
w, i=2--2n+1
respectively. If we choose p, =Jn+x, by Eq. (3.40), we obtain 1 :1_( 1 ) and
n+x
N 1
w, = ————. Hence,
2(n+x)
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_W_U+n{LXniKJ:an i=1

_1
2(n+x)

W= (3.59)

i=2-2n+1

Comparing Egs. (3.57) and (3.59) with the sigma points and weights of the UT in Eq.
(2.46), they are identical. [ |

Theorem 3.3 implies that the UKF is a subset of the SGQF at the accuracy level-2.
The SGQF can achieve higher accuracy than the UKF by increasing L.

Proposition 3.2: If X, € X,,1<q<n,the SGQ points corresponding to accuracy
level set N7, are contained in the SGQ point set corresponding to N7 .

Proof: By the definition, N} | = {E : iij =n+q-— l} and

1

J b

NZ ={E : Zn:i‘/_ = n+q—1+l}. If the sequence(il,iz,---,i ---,in) belongs toN7 , then the
=1
sequence (]il,iz,---,ii +1,- -z'n) belongs to NZ . For NZ , each element sequence in it
contains at most ¢ elements that are greater than 1, which has been discussed in the proof
of Proposition 3.1. Because 1< g <n, and there are at most g elements greater than 1 in
the accuracy level sequence, we can always find at least one i, =1, 1< j <n such that the

points corresponding to (il N N )are generated by the tensor product rule

X, ®X, ®---X,---®X, , whereas the points corresponding to (z‘l,iz,---,ij +l,---,in)are
generated by the tensor product rule X, ® X; ®---X,---®.X, . Because X; C X,, any
point generated by N7, will be contained in N7 . |

There are several important advantages of the SGQ over other point-based
methods.

(1) SGQ with different accuracy levels can be implemented using the same
sparse-grid framework. When univariate quadrature points and weights of different

accuracy levels are given, the multidimensional SGQ point set and weights for a given
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accuracy level can be uniquely determined. Theoretically, if the nonlinear function f can

be approximated sufficiently well by polynomials, then the integral ro f (x) N(X; 0, I) dx

can be calculated with sufficient accuracy by increasing the level of SGQ. Other point-
based methods are difficult to extend to achieve higher level accuracy. For example, the
integral f (l + lez )n N(X; O,I)dx (x;1s the i"™ element of the vector X ) can be
calculated exactly by the SGQ with accuracy level-4 and level-5 when 7 equals 3 or 4,

whereas with UT or cubature rule, it is difficult to achieve this accuracy.

(2) The number of SGQ points for a fixed accuracy level increases polynomially
with dimension. The classical method to extend the one-dimensional integral
approximation rule to the multi-dimensional problem is the direct tensor product rule.
The multi-dimensional GHQ rule uses this method and the number of the multi-
dimensional GHQ points increases exponentially with dimension, which severely limits
the applicability of this rule. Using the SGQ points based on the sparse-grid method,
however, the SGQF algorithm needs far fewer points. Thus, it alleviates the
computational load problem, and is very efficient for high dimensional estimation
problems.

(3) The tunable parameters P, D,, s, -make the SGQF more flexible than the
GHQF or the SGHQF. Since the point-based methods evaluate the value of the nonlinear
function at those points, it is understandable that the location of those points may affect
the accuracy of the integral result. For different nonlinear functions, different point-sets
with the same accuracy level may have very different performance. These tunable
parameters can capture non-Gaussian pdfs to some extent. It is similar to the UKF, which
has an adjustable parameter « to tune the performance depending on applications. In

comparison with the GHQ rule, the locations of the GHQ points are fixed, which is not
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flexible for non-Gaussian problems. Instead of using fixed points, the SGQ can adjust the
locations of the points. When the univariate GHQ rule is used as the univariate
quadrature rule for the SGQ, SGQ will have the same points and weights as the Sparse
Gauss Hermite Quadrature (SGHQ) rule. In contrast to the SGHQ, the SGQ has tunable
parameters. When selecting univariate quadrature points, the univariate GHQ points can
be used for the SGQ as the reference values of the tunable parameters. Moreover, it is
worth noting that the SGQ can use nested sequences of quadrature rules, which means
that the univariate quadrature point set with the lower accuracy level is a subset of the
univariate quadrature point set with the higher accuracy level, i.e. X; X, ifi <. For
example, in Case 2 of the level-3 SGQ, the univariate quadrature point set {— D,,0, ﬁl} at
level-2 is nested in the univariate quadrature point set {— Ds3»—D5,0, D5, D3 } at level-3
because P, = P, .The nested structure can reduce the total number of the SGQ points
when extended to the multi-dimensional point set using the sparse-grid method,

compared with other non-nested SGQs like SGHQ.

3.2.4  The relationship between the sparse-grid quadrautre filters and the
cubature Kalman filters

By Eq. (2.61), when g(x)zx‘a‘ =x"xilo|=a +a,, g(rs)= rllge!
I(X‘“‘) = .[R" X1 exp(—xrx)dx
—J j (rs,)" (rs,)™ (s, )" exp(—rz)da(s)dr
1 (3.60)
_J. gty 0 exp( )drIUnsf’lsz”‘Z...Sj"dO'(S)
:J.O p el exp(—rz)drju s‘“‘do(s)
Equation (3.60) can be rewritten as
[ sdo(s)=1(x" / )/ [ 7 exp(~r*)dr (3.61)
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Definition 3.1: The integral j W, g(x)x= ZWg X X, .. X, ]T eR",

and w, (x) is a given weight function) is a d"-degree rule if it is exact for a g(x) that
has the form of a linear combination of monomials x{"x;? ---x/" with the total order up to
d(a,,a,, -, o, are nonnegative integers and 0 < ¢, +a, +---+a, <d ) and there is at
least one monomial of degree d+1 for which this rule is not exact [58].m
Np _
Note that if / ( g) = Zng(? j) isa dth—degree quadrature rule, then the spherical
=1

rules IU g(s)do (s) has d"-degree accuracy. The sparse-grid quadrature rule with

accuracy level-L is a (2L-1)"-degree rule.

The sparse-grid method can be used to obtain the spherical rule with different
accuracies by Eq. (3.61). Because the points s, of the spherical rules all satisfy the
constraint HSJ Hz =1, the points of the spherical rule can be obtained by projecting the

sparse-grid quadrature points ¥ ; in Euclidean space onto the hyper-sphere, i.e.

s (3.62)
L

where |||| , 18 the norm operation. Note that the origin point is omitted when it is projected
onto the hyper-sphere because the origin point does not have influence on the accuracy

analysis.

The equation (3.61) can be rewritten by

J‘ s‘“‘da \a\ /J‘ n-1+of exp )d
\a\ / _[ n-14/a| exp ) dr

ALY [ ol

v :/ I: P exp (=1 ) dr
64

%l

(3.63)

I
%l

=M I

o

Il
-
I
~.
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where N, is the number of sparse-grid quadrature points.

Remark 3.6 It is not necessary to use Eq. (3.63) when |a| is an odd number,

because both the value of / (x‘“‘) and IU s‘a‘da(s) are 0.

By Eq. (3.63), the weights w, ; of the spherical rule are given by
— | /o — o [[T(n/2 2
R e

If the spherical rule is obtained by the projection of the sparse-grid quadrature
rule, a new cubature rule can be obtained by combining the new spherical rule and the
radial rule in Eq. (2.66). This new cubature rule is referred to as the projected sparse-grid
rule. The following theorem reveals the relationship between the projected sparse-grid
rule and the third-degree cubature Kalman filter in [37].

Theorem 3.4 If the d™ degree (d is even) fully symmetric quadrature rule is used
in Eq. (3.61), the induced spherical rule in Eq. (3.63) with the points given by Eq. (3.62)
and the weights given by Eq. (3.64) is also a d" degree rule.

Proof: The spherical rule in Eq. (3.63), which is induced from the d™ degree
quadrature rule, is exact for J.Un s’d G(S). To show that it is a d"" degree spherical rule, we

need to show that it is exact for any spherical rules ju,, s’do(s) with degree 0< f<d .
[ 4ot TR v
) J' a, exp
Lot
ool
[“r et exp(—r )drj s’do (s
(r(n/2+d/2)j

2

(3.65)
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Let x=7s with s’s=1 and » =/x"x . The numerator in the last equality of Eq.
(3.65) can be rewritten as

onrd’ﬁrﬂr”’1 exp(—r2 )drIU s’do(s)

0
=\ x12+...+x5 “h Xﬁ exp —XTX dx
R

d-p
If B is odd, [( XX ) x” } is not a polynomial but still an odd function.

(3.66)

Because of the symmetry of the integration region and the property of the odd function,

the integral in Eq. (3.66) vanishes,

[ (et T exp(—x"x)dx = 0 3.67
N p(—x"x)dx = (3.67)
So, for any odd S <d,

[ $do(s)=0=3w,(s,) (3.68)

The second equality is true due to the fact that the spherical rule is fully

symmetric. If 3 is even, then d — s even, [( XX

d-p
; ) x” } is a polynomial
d-p

2

Ld+p _d+d

with degree 5

+p =d . Therefore, the integral in Eq. (3.66) can be

exactly calculated by the d" degree quadrature rule as follows

{( X0+ )d_ﬂ xﬂ}exp(—xTx)dx
(3.69)

M= =

7

AR

~
Il
—_

Combining Egs. (3.65), (3.66), and (3.69) leads to
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Yo _ d- I'(n/2+d/2
o ;Wuv,u 7 /[< 2]
B

- iz H H H (r(n/2+d/2)J 570

2

where Eqs. (3.62) and (3.64) are used to arrive at the last equality. By Eqgs. (3.68) and
(3.70), it can be seen that any spherical rules with degree £ <d can be exactly calculated
by Eq. (3.63). m

Theorem 3.5: The third-degree cubature rule is a subset of the projected sparse-
grid rule at the accuracy level-2.

Proof: 1t has been proven that the unscented transformation is a subset of the
sparse-grid quadrature rules at the accuracy level-2 in Section 3.2. If we can prove that
the third-degree cubature rule is identical to the projected unscented transformation, the

theorem is equivalently proved.

The quadrature rule using unscented transformation is given by

[ g(x)N(x0.1)dx~—= gopﬁj(g( (nx)e, )+ (e, ))

(n+x) n+x)“s

(3.71)
where K is the tunable parameter.

Hence,

:jzl: v (I’l+K‘)g(0)+2(:n—fK)§[g[ @e/}-’_‘g(_ (’/%K)e]]J

(3.72)

The points ¥, and weights ¥, are given by

67

www.manaraa.com



0 j=1
Y= Q/(n+1<)/2ej_1 j=2,-,n+1 (3.73)
—«/(n+lc)/2e]._n_1 j=n+2,---2n+1

and
K n/2 j :1
_ (n+x)
= . (3.74)
7" j=2,-2n+1
2(n+x)
Hence, the points s of the spherical rule are given by
s o V)& J=len (3.75)
G R S

Note that the origin point is omitted.
By Remark 3.6 and Theorem 3.4, for the third-degree rule,

a| is chosen to be 2.

The weights w, ; of the spherical rule can be obtained by

‘Z‘ / J:O P exp (—r2 ) dr

|, :/[r(”/2;|a|/2)]
(3.76)

B 1 ”nz_(”""f) n/2F(n/2)
_2(n+K)/ 2 /( 2 J
=7r”/2/(n1"(n/2)):An/2n

Hence, by Egs. (3.63), (3.75), and (3.76), the third-degree spherical rule can be obtained

w,; =W, ”71

Ly 5= A f(g(ei)+g(—e,-)) (3.77)

2n‘5

Equation (3.77) is identical to the third-degree spherical rule in Eq. (2.65).
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Note that the third-degree radial rule can be obtained by the procedure shown in
Section 2.2.1.6. Recall that the unscented transformation is a subset of the sparse-grid
quadrature rules (level-2). Hence, the third-degree cubature rule [37] is a subset of the
projected sparse-grid rule (level-2).m
Note that an arbitrarily accurate cubature rule can be obtained by combining the
projection of the sparse-grid quadrature rule with the moment matching method. For
example, a fifth-degree cubature rule can be obtained as follows.

One of the fifth-degree (accuracy level-3) sparse-grid quadrature rules can be

described as in Section 3.2, Eq. (3.47)
2n
Jo ()N (x0.1)dx~ 4,g(0)+ 4> g(B")+4 3, g(P”) (3.78)
J=1
where 4, =n?/18=Tn/18+1, 4 =-n/18+2/9, 4,=1/36

and

3e.
PO 3e, J=1,2n (3.79)
A —\/ge_l._"

«/g(ei+ek) ik=1mi<k
| Ble—e) ik=lemi<k
' B(-e +e,) ik=1nmi<k
«/g(—el.—ek) ik=1-mi<k

We obtain the points 7_(].1) ,?P and weights Wj(l) and Wj(z) by ?_(fl) =P,<(l) / 2 )

(3.80)

7&2) = Pj(z) / J2, VI_/J@ = VI_/]O) .7"* and VI_/J@ = VI_/]@ . 7", respectively. Note that the origin
point and weight are omitted.
(1)

J

The points s".’ projected from 7_(].1) are given by

M _
s, =

v, _) ST (3.81)
[l s
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The point sets {s(?)} projected from 75.2)

; are given by

- 1
5, s =—\E(ek+e,) k<l,kl=12n
||YJ|| s§i’+=\g(ek—ez) k<l,k,l=12,--,n
SS’ZZ)_:_\/g(ek_el) k<l,k,l:l,2,---,n

For the fifth-degree rule, |a| is chosen to be 4 as discussed in Remark 3.6 and Theorem

@ = (3.82)

3.4. Hence,

J‘:rn—n\a\ exp(—rz)dr _ F(n/22+ 4/2) _ F(n/2);1(n+2) (3.83)

The weights w, ; are given by
w, =T f) o () ar
— I'(n/2 2
)

((41—8;1)/1“(11/2)2;1(“2) o (%T i=1-,2n

’ (3.84)
b F(n/Z)n(n+2)ﬂn/2(£] i=2n+1,---2n’
36 8 \/5
e 4 n n/2) (n+2)) i=1,-,2n
= 27Z_n/2/1" n/2)n(n+2) i=2n+1,---2n"
2n n+2)) i=1-,2n
n+2 ) i=2n+1,---2n°
Hence,
(3.85)
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By combining the fifth-degree spherical rule with the fifth-degree radial rule, the
fifth-degree cubature rule can be obtained.
For the fifth-degree radial rule, the following equations must be satisfied.

1 1

0 0

w.r+w. ., =—1| —n
r,1'1 r,2"2 2 (2 j

W, 1 W, 1 Z%F(%rHlj:%F(%nj (3.86)

Wr,1l”14 +W,,27”24 = %F(%n+2J = %(%n+1j(%njr(%nJ

There are three equations and four variables in Eq. (3.86). Hence, there is one free

variable. We choose 7, as the free variable and set it to 0. Solving these three equations,

the points and weights for the fifth-degree radial rule are given in Eq. (3.87) and (3.88),

respectively.
n=0

o (3.87)
r=,=n+l
2
1 (1 "r(;"] 1 1
" ZEF(E”)_ 2n+2) (n+z)JF[§”j

" ( 1 ”j (3.88)
W, , - r lnj
(nﬂj 2(n+2) \2

2

and

Note that #, may take on other values bedsides 0. However, the number of points for the

final cubature rule when 7, 1s set to 0 is much less than the number of points when 7, is

set to other values.

Combining Egs. (2.61), (3.85), (3.87), and (3.88), the Sth-degree cubature rule is

given by
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N,

1 N,
J.R” g(x)N(x;0.I)dx ~ WZ:z:w,,,l.wwg(xﬁr,sj)

i=1 j=1

_ 2 g(o)+4;+”i(g(mxsgv)+g(mxs9>))

n+2 2(n+2) 3
1 n(n—l)/Z - . (389)
+ g|INn+2iXs, +g8INn+ X8,
S e e )
n+ j=1

n(n—l)/Z . -
+ ! (g(»\/n+2><s(j22) )+g(x/n+2xs§22) ))

3.3 Anisotropic Sparse-grid Quadrature Nonlinear Filter

The anisotropic sparse-grid quadrature (ASGQ) can be used to further improve
the computation efficiency of the conventional SGQ. The conventional SGQ is isotropic
in the sense that all dimensions are assumed to be equally important and it uses an
isotropic sparse-grid, which may result in more points than necessary. There are many
practical problems in which different dimensions are not equally important. Motivated by
this observation, the ASGQ provides a mechanism for distributing more quadrature
points or weights on more important dimensions and allows for better trade-offs between
the computational efficiency and the estimation accuracy. The number of ASGQ points
can be flexibly controlled by a tunable importance vector and is in general less than that

of the SGQ.

3.3.1 Anisotropic Sparse-grid Quadrature
The anisotropic sparse-grid quadrature (ASGQ) is an extension of the

conventional sparse-grid method, given by [89]

L ()= 2 (AT ®--®A")(f) (3.90)

with the accuracy level set
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>1,5 (ij—l)ajs(L“—l)g} ,2=min(a). (3.91)

J=1

n,L* J

A — .
T :{:“CN":L

In Eq. (3.91), 2* = (il,- -, i”) and the superscript ,,@ *“ denotes the anisotropic sparse-grid

associated with the importance vector a = [0{1 RN ',an] (a ;> 0) , in which each

element of @ represents the relative importance of the corresponding state variable and

min(a) denotes the minimum element in @ . Without loss of generality, « is set to 1.

The accuracy level of the ASGQ is denoted by L* e N .

Equation (3.90) can be rewritten as [89]

' (f)= 2 (8)(1,® -1 )(f) (3.92)

—_ o
='eY
nL*

where

c"(=)* > ()" (3.93)

Pel0l)" B +wer?

YO AT Y (3.94)
s n,[*

n,[" = _M

a

Note that {O, l}n denotes the set of all n-dimensional sequences with each dimensions

value being 0 or 1. |'¥|and |a|denote the summation of the elements in ¥ and o,

respectively; ,\" denotes the subtraction operation of two sets. Equations (3.92)-(3.93) are
valid whether @ is an integer vector or not, but for the convenience of formulation, O is

a o
assumed to be an integer vector such that u and L" — u are integers.
a a

By Egs. (3.91) and (3.94),

n,L* " L“—M o
Toa

Yo, =Y Y —{E“CN";ij21,(L“—M—ljg<i(z’j—l)ajS(L“—I)Qz} (3.95)
J

From Eq. (3.92), the corresponding ASGQ point set defined by X* , is
X'.= U (x,®-8X) (3.96)

@

n,L —
’ 2'eY’ ,
n,L
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https://3.92)-(3.93

The weight W, for each point 7, in XZ 18 the sum of the weights on the point over all
combinations of X, ®---® X, containing the point. Moreover, for one specific
combination, the weight on the point Y, is calculated by

VVi :Ca(Ea)(WS XeooX W
1 S

; X...XWS”)-

Remark 3.7: Given the accuracy level- L" and dimension n, the final ASGQ point
set is determined by Y:, « - When the importance vector @ is also chosen, the upper
bound of the inequality in Eq. (3.95) is fixed. This implies that for a larger «,, the
allowable range of i; is smaller. In other words, if ; <, by Eq. (3.95), it can be shown
that max (1}) > max (ij) , which indicates that the ASGQ can use a higher accuracy level

univariate quadrature rule /__

X

) for dimension 7 than the univariate quadrature rule

! max(i) for dimension j. Note that the higher accuracy level univariate quadrature rule uses

J

more points than the lower accuracy level quadrature rule. Hence, a smaller element in @
indicates that the corresponding dimension is more important and uses more quadrature
points.

Remark 3.8: By Egs. (3.95) and (3.96), the effect of & on the ASGHQ point set is
determined by the ratio of ¢ / aora / a; rather than the absolute value of «; .

To better illustrate the ASGQ rule and compare it with the SGQ, n=2, L' =3

are used as an example to show how to construct the ASGQ point set. Assume 0@ = [2, 1].
Then, Y5, ={2* <N’ :i, 21,2(i, —1)+ (i, ~1) <2} = {2" < N*:4, 21,3, +0.5/, < 2.5},

It can be rewritten as Y5 ; = {(1,1),(1,2),(2,1),(1,3)} )

By Eq. (3.95), Y&, =Y¢,\ Y
2,3—

|o|

a

andY* =5 ={E' <N >1i+0.5, <1} =.
2,3 ’

el
,
a

Thus, Yy ={E* N1, 2 11<4, +0.5, 2.5} ={(1,1),(1,2),(2.1).(1.3)}.
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By Eq. (3.93), ¢*((1,1))=—1, ¢*((1,2))=0, ¢*((2.1))=1 and ¢*((1,3))=1.
Then, I3, =—(/,®1)+([,®1)+(/, ®1L).

The final ASGQ point set is shown in Figure 3.4. Note that Figure 3.4 verifies the
conclusion of Remark 3.7. That is, the value ,2“in a =[2,1]makes i take a smaller range
of values than i, , and thus generates fewer points in the vertical dimension than the
value ,,1“in a generates in the horizontal dimension.

Compared with the conventional SGQ, ASGQ does not contain the tensor product

X, ®X,, owing to the fact that ¢*((1,2))=0, and also does not contain X, ® X, and

X; ® X, owing to the fact that {(2,2),(3,1)} Y3, ={(L1),(12).(2,1),(1,3)}.

Note that the actual accuracy of the level- L* ASGQ may be different from that of

the level-L SGQ when L =L". For example, when L* =L =3 and n=2, by Theorem 3.1,
SGQ can calculate the polynomial x,2 x22 exactly, whereas the ASGQ cannot, as seen

from the above expression of 77 ,.

Xl XZ XS
X, ®X, X, ®X, -
23
o e & O o o ASGHQ

—D | ..c..

_/

Figure 3.4  ASGQ with the accuracy level-3 and o= [2,1] for 2-dimensional problems
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3.3.2  Analysis of the Accuracy of the Anisotropic Sparse-grid Quadrature
The conventional SGQ can be viewed as a special case of the ASGQ. When all
elements in @ are the same, Eq. (3.92) and Eq. (3.96) reduce to Eq. (3.7) and Eq. (3.12),

respectively, and the ASGQ reduces to the SGQ [89]. Note that in Eq. (3.95) and Eq.

(3.8), when all elements in @ are the same, L—n—1< Z(ij — 1) is the same as

=
L—n SZn:(l} _1)'
j=1

.
Remark 3.9: If [

—jJ >L["—1, by Eq. (3.95), i, must be 1, which implies that
a .

there will be only one point in dimension j , a case of degenerated accuracy. To prevent

this case from happening, a constraint should be satisfied for the ratio, i. e.

a

a,
1< (—’J < ' —1. Under this constraint, the level-2 (L' =2) ASGQ is the same as the

a.
level-2 (L =2) SGQ since —~ =1, and every ;s the same. Note that if " = L and all
a

elements in @ are the same, by Eq. (3.95), the maximum value of 7, is L" in each

dimension, which becomes SGQ. In most cases, ¢, / a>1,by Eq. (3.95), i, < L*, which

means ASGQ is less accurate than SGQ in dimension j in these cases.
The relationship between the ASGQ and the SGQ can be revealed by the

following proposition and theorem.

Proposition 3.3: If L = Land L—n<0, the ASGQ point set is a subset of the

SGQ point set.
Proof: By Eq. (3.95), Y’ . can be rewritten as

<§(,-,_1)%g(y_1)}

Y, :{E“ N, 21,(1 1) u

a
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If L-n<0, (L' —1)—%S(L“—l)—n:L“—n—l<0. Since Y (1,-1)22>0 .

= a
Y, . Z{E“ < N4, ZI,OSZn:(,'j _1)a.i S(L“—l)}.

Recall that Y, , = {E cN"i 2L L-n<) (i, -1)<(L —1)} for the SGQ. Since L—n <0

and Y (i,-1)>0,Y,, ={ECN";ij >1,0<3 (i,-1)

j=1

<(L- 1)} . Comparing the above

S

Y® , with Y, , shows Y*, CY,, and thus X" , c X, , because —2>1.m
n,L n, n,L n, n,L n,

IR |

Remark 3.10: The condition L —n < 01s needed for Proposition 3.3. For example,

if I =L =6, n=2 and a=[1,2], which violates the condition, it can be verified that

some points in ASGQ are not included in the SGQ point set.

It is worth noting that for typical multidimensional problems, the accuracy level-L

is usually less than the dimension n. So the condition in Proposition 3.3 is satisfied in

most cases.

The ASGQ accuracy depends on the accuracy level- " and the parameter @,

whereas the SGQ accuracy only depends on the accuracy level-L. The accuracy of the

ASGQ is guaranteed by the following theorem.

Theorem 3.6: If (1={1,---,1,am,---,am‘,(nl +n,=n)and 2<a, +1< L', ASGQ
m ny

is either more accurate than or as accurate as the level-2 SGQ.

Proof: For thisa,

a

Y= {E N > 1,2(;, —1)+am Z (i, —1) < (L“ —1)}. Since i, > 1,
J=

J=m+1
n+n,y

0< > (ij—I)S%L(L“—l)—i(ij—l)j.Hence, each i, (j=n +1,---,n +n,)can be
jem+l

m J=1
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L'-1 . . .
1, { + IJ, where ,,| |* denotes the floor operation, which returns an integer less
a

m

o a

+1. Note that &, +1< L* ore, < L* -1 implies

m m

than or equal to +1>2,

There are three possible cases with this a :

Case (1): All i,(j=1,---,m) are 1 and Z (ij —I)S — . Define this set of =
j=n+1 am

as

J=n+1 am

——~a {13 . o . g . La _1
Y“:{: X! i1 (i -1)=0, 0< 3 (i-1)< } (3.97)
=l
By Eq. (3.6), the range of i,(j=m +1,---,n +n,) in Y is identical to that of

Yn{”“‘uj = {E = N";i, >1, Z (zj,. —1) < Va _1J} (3.98)

J=n+1 o,

am

for the SGQ.

Case (2): All i, (j=m +1,---,n +n,) are 1 andZ(ij—l)SLa —1. Define this set

j=1
of 2%as
Y, = {5 X! i=1 0< "Z(ij —1)< -1, Z (i,-1)= o} (3.99)
7 Jjem+l

Similarly, by Eq. (3.6), the range of i, (j = 1,---,nl) in Y, is identical to that of

Y, . ={EcN"l;ij21,i(ij—l)£L“—l} (3.100)

=

for the SGQ.

Note that Case (1) and Case (2) contain a duplicate case when all

i=L(j=Lm+n),ie.
n1+n

Ys3éYslﬂY.v2:{EaCYu l 219 (11_1)20} (3101)

mny L7
J=1

Case (3): i(ij _1) 21 and 1< "i"z (ij _1) < {Lﬂ 2J. Define this set of Z*as

(24

J=1 J=n+l1 "
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Y, :{E“ cY' izl lsi(i.—l)sL“—am—l, 1< z (ij—l)sva_zJ} (3.102)

Note that Y, (1Y , =@ and Y ,NY,, =T,

In summary, Y* =Y, UY \Y UY,,. Hence,
L= Y (Moot eat e o)

o
m+n, L . &
=%eY L
n1+n2 o

- ¥ A®- @A @A ®---®Ai”'+”2)

E%e(Y, UYp\Y3UY,,)

Ae-eNe T (AT e-eat) |l ¥ (Ae-eat e o
—_— —_—

J :eTnl o n, elements

ny elements ZeY 9
|

~A@A O+ Y (A1 ®BA" @A @ @A)

f=ld
ny+ny =Z%eYy

[®-0L® Y (Ai"1+‘®---®Ai"l+"z)+ Z(A"l®---®A"”')@11--@11
ZEeY —

ZeY
ny elements N {L‘MHJ Lt n, elements
2 ay
m

_Il®]1"'®ll+ Z (Ail ®-..®Ainl ®Ainl+l ®"'®Aiﬂl+n2)
[

ny+n, BTy,
— [/ iy Iy 41 in+n
-1, ®I o IJ”"P”‘®I”2"_1”'*”2’1+ > (AI@---@A‘@A‘ ®.-®A" )
n + —a
2| g, =2%eY,

(3.103)

From the 3™ equality to the 4t equality in Eq. (3.103), the fact that
A'=1,—1,=1I,is used. Note that [, ®---®1,® 3 (Ai”l” ®-.- @A ) and
%,—J

ZeY
n, elements %1
ny +1

Pm

z (A’.1 ® A" )®I1 ---® 1, correspond to Case (1) and Case (2) respectively.
%,—/

ZeY

ny Lt n, elements

1, ®1,---®1, is the duplicate part of Case (1) and Case (2). The last term
%f—/

ny+ny

> (Ail ® QA" QA" @ @A™ ) corresponds to Case (3) and has no duplicate

—_a
Z'eYy,
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part with Case (1) and Case (2). It is worth noting that when L* <2+ ¢, , this last term

vanishes and Y ,is empty, as seen from Eq. (3.102).

Now, compare Eq. (3.103) with the level-2 SGQ. By Egs. (3.4) and (3.6), the

Z (Aza R A" @A™ ®---®Ai"”"2) and nib(if_l)gl'

ZeY, 0, j=1

level-2 SGQ is [

m+ny,2 T

Ifall i,(j=1,--,m) are 1, then Z (i,-1)<1;if i(ij—l)gl, all
=1

j=n+1
i ( j=n+1--,n +n, ) must be 1. Note that both cases contain the duplicate case when

all ll =1 (J =L +"2) . As with Eq. (3.103), these two cases lead to
]n1+n2,2 = Z (Ail ® . ®Aiﬂl ®Aiﬂl+l ® .. @Ai”l*”z )

:‘EYH.Z

= [®-®L] Y (Ai"1+l®...®Ai"1+nz) oY (Ail®~~~®Ai"l)®]l~~-®Il
— —

:eYnz 2 :‘ernl 2

(3.104)

n, elements
[ ®I-®T,
| —
n+n,

=1,,®1, ,+1,,®1, -1

m+ny,l

n, elements

Remark 3.11: By Theorem 3.1, I

n+ny,2

is exact for all polynomials
n+n,

X x e with 0< Z a; <3. Note, however, that the condition of Theorem 3.6

n +Il
J=1

is sufficient but not necessary. In fact, from Eq. (3.104), it can be seen that / nan 2 18 €XaCH

n+n,
for all polynomials x;" ---x7’ ---x,"" with 0 < Za <0< Z a; < 3because of the
Jj=1 Jj=m+l

exactness of [, , ® 1, , for these polynomials. I

n+ny,2

is also exact for all polynomials

n+n,

X x e with 0°< Za <3,0< Z a, <1, because of the exactness of

n+n
Jj=1 Jj=m+l

I, ,®1, , is exact for these polynomials. The above discussions also apply to the UT,

which is exact up to 3" order polynomials [67], but may be exact for some higher order

polynomials. On the other hand, the exactness of /

ny+n,

, for the above polynomials
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cannot be further generalized to all the polynomials with 0 < Z a; <4.For example,
j=l

m n+n,
L, ., » is not exact for all polynomials x;" ---xj’ ---x;']”';j; with 0< ) a,<2,0< Z a,<2
Jj=1 Jj=m+l

. Note that the UT has the same accuracy as the level-2 SGQ [25] because all
polynomials for which the UT is exact can be exactly calculated by the level-2 SGQ.

Comparing Eq. (3.103) with Eq. (3.104), one can see that when L' >2 and

LL -1 + IJ > 2, there exist higher-order polynomials that can be exactly calculated by
a

m

n

the first three terms in Eq. (3.103), but cannot by / in 2 (level-2 SGQ). When L'=2,

a, =1, the first three terms in Eq. (3.103) are as accurate as In] o (level-2 8GQ) is.

Now, let us consider the contribution of Z (Ai‘ ® QA" A" ®-.. QA" ),

—a
Z'eY,y,

the last term of Eq. (3.103), to I:M L« - This term is generated from Case (3) where

a

m

I< i(’/ _1) <['-a,-1,and 1< ”i”z (ij —1) < [Lﬂ _ZJ. When both inequalities are
=1

J=m+l
satisfied, there exist at least one i, 22 (1<m<mn)and onei, 22 (n, +1<k<n +n,).

For the polynomials that can be exactly calculated by 1, ®1 , (s<N) using

Eq. (3.70), the contribution of the last term in Eq. (3.103) is 0, i.e.

(A’i ®- @A" ®-.-®A" )®(Ai"”' ®~.-®0®~-®A"”1*”2) (3.105)
0

That is because a polynomial / that can be exactly calculated by /; can be

exactly calculated by 7,(j >1)as well, i.e. I,(f)=1,(f)(j=1) and thus

A(f)=1 ()1, ,(f)=0(,22).

Likewise, for the polynomials that can be exactly calculated by 7, | ®1, = (seN)

using Eq. (3.103), the contribution of the last term in Eq. (3.103) is also 0, i.e.
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(Af' @ @A @ ®A" )@(A’”'” ®-- @ Ak ®~-®Ai"””2)

_ (A’l ® @0 - ®A" )®(Ai””' ®- @Ak ®---®A’*l*"2) (3.106)
~0

Hence, any polynomial that can be exactly calculated by /, ,®1, ,,I, ,®1, ,,or

ny,1° Tyl ny,2

I

n+ny,2

can be exactly calculated by Eq. (3.103). As discussed in Remark 3.11, the types of
polynomials that can be exactly calculated by In1+n2,2 are all covered by the types of
polynomials that can be exactly calculated by 7, ,®1, ,or [, &1 ,.

To summarize, when2 < ¢, +1< I*, because 1) the first three terms in Eq.
(3.103) are more accurate than or as accurate as the level-2 SGQ (/ nen, 2 ) and 2) the last
term in Eq. (3.103) is 0 for polynomials that can be exactly calculated by 1, ([ ®1, | or

n,s

I

i ®1, (s €N), which include the first three terms in Eq. (3.103), we may conclude
that ASGQ is more accurate than or as accurate as the level-2 SGQ.m
Note that for sufficiently large L', there exist polynomials that can be exactly

calculated by the last term in Eq. (3.103) but cannot be exactly calculated by either the
first three terms of Eq. (3.103) or the level-2 SGQ (/,,,, ,). Examples of these

polynomials include x x; (1<m<mn;, n +1<k<n +n,). Also recall that when L* =2
and a, =1, the ASGQ is identical to the level-2 SGQ as discussed in Remark 3.9.
Remark 3.12: As discussed in Remark 3.11, the UT has the same accuracy as the

level-2 SGQ. Thus, the ASGQ is more accurate than the UT when 2< ¢, +1< 7.

m

When L' =3 and a = {1, 1,200, ZJ , which may be used for many applications,
%/_J

the following equation can be obtained from Eq. (3.103).
., =(1,,®1,,)+(1,,®1,,)-1

m+ny,3 n+n,,1

(3.107)

The illustration of ASGQ in Figure 3.4 can be viewed as a special case

(n,=1,n,=1,I" =3) of Eq. (3.107).
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Note that, by Eq. (3.107), I is exact for all the polynomials of the form

m+ny,3
n n+n, n ny+n,
x4 e x o x ™ with OSZa. <1,0< Z a.<3or OSZa. <5,0< Z a,<1l.In
1 J m+n, J J J J
J=1 J=m+l J=1 J=m+l
n1+n2

contrast, the UT is exact for all polynomials with 0< Z a, <3 Therefore, ASGQ is

J=1

more accurate than UT when a = {1,- -1 2,-~,2J and L' =3, which satisfies the
n ny

condition of Theorem 3.6.

3.3.3 The Anisotropic Sparse-grid Quadrature Filter

The anisotropic sparse-grid quadrature filter algorithm (ASGQF) is designed to
place more sparse-grid quadrature points in directions with larger uncertainties according
to the state covariance information. In this dissertation, the eigenvalues of the covariance
matrix are used as the metric of uncertainty. However, the state variables may have very
different scales or units, which make it difficult for the eigenvalues to reflect the true
relative uncertainties. To eliminate this effect, the covariance matrix P is scaled by a
diagonal matrix D . The elements of the importance vector @, which put weights on a set
of mutually perpendicular directions given by the eigenvectors of the scaled covariance
matrix DPD’ | are determined based on the eigenvalues of DPD’. An element of a is
assigned a small value or high importance if the corresponding eigenvalue is large.

The anisotropic sparse-grid quadrature filter algorithm (ASGQF) differs from the
SGQF algorithm of [25] only in the points 7, , the weights ., and the covariance
decomposition matrix Sin Eq. (2.31) and S in Eq. (2.35). They are obtained by the
following procedure in the ASGQF, where P = Pk—1|k—1 is used for the prediction step and

P=P,, ,is used for the update step.
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1) Calculate the eigenvalues of DPD’ using the singular value decomposition (SVD)
or eigenvalue decomposition (EIG). In MATLAB, SVD sorts the eigenvalues in
descending order and EIG sorts the eigenvalues in ascending order.

2) Determine the importance vector @, based on the eigenvalues of DPD’ . The
elements of & are in ascending order if the eigenvalues of DPD’ are in descending
order.

3) Generate the ASGQ points ¥, and weights W, based on @, using the ASGQ rule

shown in Egs. (3.92)-(3.96).

4) Calculate Sin Eq. (2.31) and S in Eq. (2.35) as Dfls,,ej , where DPD’ = S,efoef It

_ _ _ _ _ _ T
can be shownP=D"'DPD'D" =D'S_S/ D" =(D'S,)(D'S,, ) .
Note that the ASGQ points 7Y, and weights W, that are the quadrature points and
weights in Eq. (2.27) for a specific a can be calculated oft-line. In addition, when the

univariate points and weights are generated by the GHQ rule, the anisotropic sparse-grid

quadrature filter is called the anisotropic sparse Gauss-Hermite quadrature filter.
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CHAPTER IV

AEROSPACE APPLICATIONS

In this chapter, the proposed filters are applied to three aerospace applications:

attitude estimation, orbit determination, and spacecraft relative navigation.

4.1 Spacecraft Attitude Estimation

The spacecraft attitude estimation problem is to estimate the spacecraft"s
orientation from noisy measurement data and known reference observations [90].
Parameters used to represent the three-axis attitude fall into two categories in general:
constrained parameters such as the unit quaternion and unconstrained parameters such as
the Euler angles, the Rodrigues parameters, the modified Rodrigues parameters (MRPs)
[44, 90], and the generalized Rodrigues parameters (GRPs) [50]. The quaternion is
widely used to represent the attitude because it is free of singularities and the quaternion
kinematics equation is bilinear. However, the unity-norm constraint of the quaternion is
often violated in the standard filtering process [50]. A common approach to overcome
this problem is to use the quaternion for global nonsingular attitude representation and a
set of unconstrained parameters for local attitude representation and filtering process [44,
50]. This approach will be used in the attitude estimator of this chapter.

Many nonlinear filtering methods, such as the Extended Kalman filter (EKF) [42],
the Unscented Kalman Filter (UKF) [35, 36], and the Particle Filter (PF) [32, 44] have
been employed for spacecraft attitude estimation since it is a nonlinear filtering problem.

The EKF is the most widely used nonlinear filtering method for spacecraft attitude
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estimation [47]. A simplified Kalman filter and smoother for spacecraft attitude
estimation based on the QUEST algorithm was proposed in [48]. A more robust approach
named the extended quaternion-estimator, based on the EKF and quadratic constrained
programming, was proposed in [49]. Besides the EKF, the UKF [50] demonstrated more
accurate and robust performance than the EKF in attitude estimation when the initial
attitude estimation error is large. The PF has been shown to achieve better accuracy than
the UKF and the EKF at the expense of high computational complexity [43, 44].

In this section, the Sparse Gauss-Hermite Quadrature Filter (SGHQF) is used for
the spacecraft attitude estimation. The attitude quaternion kinematics and the gyro and

vector observation models are briefly reviewed.

4.1.1 Attitude Kinematics Model

Assume the spacecraft attitude is represented by the quaternion, denoted by

T U SURVE Y o o .
q= [(]T , q4] , whereq = [q1 45>, ]T is the vector component, the quaternion kinematics

can be described by [50]
1
1=—B(q(?))o(r
q'q=1
with @ as the angular velocity, and
L.;+|q
B(q)= {q“ “Jq x]} 4.2)
—-q
0 _q~3 672
[ax]as the cross-product matrix, i.e. [ax]=| ¢ 0 -4 (4.3)
_672 61 0

The equivalent discrete-time kinematic equation to propagate the quaternion is

q.., =Q(o,)q, (4.4)
where q, = [(]f, Ga ]T is the quaternion at time k and
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(o,) - cos(0.5||(ok||At)I3X3 —[w, %] v, ws)
" v cos(0.5]e, | A¢) |

©, is the angular velocity at the A-th sampling interval, Az is the sampling time interval,
and y, = sin(0.5||0)k||At)u)k /|@,| and [y, x] is a cross product matrix.
In the above attitude kinematics model, the angular velocity is measured by a gyro.
A widely used model for the angular velocity measurement is given by [50]
o(r)=o(1)+B(1)+n,(7) (4.6)
B(t)=n,(t) (4.7)
where @ (t ) and © (Z ) are the measured angular velocity and the true angular velocity,
respectively, 7, (t ) and 7, (t ) are independent Gaussian white noise processes with zero
mean and standard deviations of o, and 0, respectively, and ﬂ(t) is the gyro bias.
In the discrete filter design, the estimated angular velocity is given by [50]
By =0, — B (4.8)

where ﬁk‘ . 1s the updated gyro bias estimate and the propagated gyro bias is given by

ﬁkﬂ\k = ﬁk\k (4'9)

4.1.2 Vector Observation Model

The vector observation model for attitude estimation is given by [50],
Y = Ax, +n, (4.10)
where n, is the measurement noise. It is assumed to be white Gaussian noise, with zero
mean and covariance R, . I, and y, are an observation pair acquired in two different

Cartesian coordinate systems at time &, and A, is the rotation matrix

A, = A(qk) = [(%k )2 _(1£(]k:|13x3 +2q,4; —2q,; [flk X] (4.11)
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4.1.3 Sparse Gauss-Hermite Quadrature Filter for Attitude Estimation

In this section, the SGHQF is used for spacecraft attitude estimation. Following
[50], we use the unconstrained generalized Rodrigues parameters (GRPs) to represent the
three-component attitude error in the filtering algorithm and use the quaternion to
perform attitude propagation. The main difference between the proposed SGHQF in this
chapter and the UKF (USQUE) of [50] is the point selection strategy. In addition, the
SGHQF and the USQUE account for the effect of process noise on the state error

covariance with slightly different techniques. Define a 6 x1 state vector as:

x=[8p" p'] (4.12)
where opis the GRPs to represent attitude errors, and is defined by
i
p=/f— (413)
a+oq,

where a is a parameter in [0,1] , [6q,5¢,] is the error quaternion, and { is a scale factor.
When a =0and f, =1, Eq. (4.13) gives the Gibbs vector; whena = f, =1, it gives the
standard modified Rodrigues parameters (MRPs).

In the following attitude estimation algorithm, we assume the number of
quadrature points is V, . Given the initial estimates of attitude quaternion ‘iom , gyro bias
B, initial covariance P, , initial estimated state vector X,, = [OT ﬁg‘o ]T , the process
noise covariance Q, , and the measurement covariance R, , the prediction step and update

step of the SGHQF used for attitude estimation can be summarized as follows:

4.1.3.1 Prediction Step

1) Compute the factorization of P,, =SS’ using the singular value
decomposition and set (i)=Sy; + Xt

& ()]
where & (i) = ! ,i=L N (4.14)
) Lfk(i)}
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and 7 is the point index, &klk ( )are attitude error components, and T;k‘k ( ) are gyro bias
components.
Note that ¥, is the origin point; v, (i=2,--+,N,) are the SGHQ points generated
by Algorithm I in Section 3.1.1.
Since we use Eq. (4.4) for attitude propagation, we need to transform each of the
il‘,'; (z) into an error quaternion and then calculate the corresponding quaternion that will
be used in attitude propagation.
Error quaternions 8¢ (i (i)= [(ﬁqf',f( )) 2O (i )Tcan be calculated by [50]
dqfy (i) =" (a+0qly, )&k (i) (4.15)
—algl} (i \ )|+, \/f +(1-a”)fesk (i \
72 )

Sqi (i) = (4.16)

The corresponding quaternions q,fl’,j( ) are given by
a7 (1) =8qgy (1) ©Ody, (4.17)

The superscript ,,pre* epresents the prediction step; © denotes the quaternion
product. Note that ¢ (1)=q,, -

2) Predicted quaternions qfﬁ‘ . (z' ) are propagated using Eq. (4.4)

af (1) = (o, (7)) agi (1) (4.18)
where @, (i) =@, —&gk ().

Since the state vector is defined by GRPs, quaternions q;", (z' ) need to be
transformed into GRPs in order to use the SGHQF algorithm. First, the corresponding
error quaternions &q_.’;, (i) = [(5(1%% (i ))T Oqy e (i )] are calculated by
a5, (1) =a, (i )@[fl Tk (1)]71. Then, the corresponding predicted attitude error
components &;”,, (i) and gyro-bias components §k+1|k (i) of & (i) are calculated from

the error quaternions by
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6‘]?:81% ( )

g’ (i)=1. — (4.19)
‘ llk( ) a+5qfk+l\k( )
and
§k+1|k ( ) = gf\k (Z) (4.20)
3) The corresponding propagated state vector value and covariance are given
by the SGHQF algorithm
NP
ik+1|k = Z M/igk+1|k (l) (4.21)
i=1
NP
Pw=2m (§k+1|k( ) Xk+1\k)(a-vk+1\k( ) Xk+1|k) +Q, (4.22)
i=1
(afm +%03At3)13x3 —G ofAtz)IM
where Q, = | with A¢ as the measurement
—| =oAL |I o.At)1
(2 u 3x3 ( u ) 3x3
sampling period.
4) Transform the first three elements of X, , i.e. dp,,,, into the error

quaternion form and then calculate the predicted quaternion q,,, . The corresponding
. 7 T,
error quaternion dq,,,, = [5‘1k+1|ks5%,k+1|k] is given by

0q,, = fc_l (a +0, )6ﬁk+l\k (4.23)

and

2+fc\/ff+(1—a2)

_a|6[’ik+l|k (424)

5q4,k+1\k =

Then, the predicted quaternion q,.,, is given by

qk+1|k = 6qk+1|k Oqgj\k (1) (4.25)
Reset the first three elements of X,,,, to zeros. This step is used to move information

from one part of the estimate to another part [50].
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4.1.3.2 Update Step
1) Compute the factorization P, = SS” and set Ok (i )= Syi + X -
where &,.,, (1)=[ 87, (1) 8., (1) | (4.26)
Since GRPs cannot be directly used in the measurement equation as given by (4.10),
S,ff” . (i) must be transformed into the error quaternion form. Then we can calculate the
corresponding quaternions g}, (i ) which will be used in Eq. (4.10).
~upd

Note that we use q;”);, to denote the quaternion used in the update step to avoid

confusion with the quaternion q;";, used in the prediction step. Error quaternions

dq, (i)are given by
T
5QZ’i‘f|k ( ) |:(6qk+1|k ( )) 5% etk ( ):| (4.27)
where Sq%k (i)=/1- (a + 5q;‘pkd+1‘k )Sfﬂ‘k () (4.28)
—al&)?, (i) + \/ >y (1-a?)[87, (i)
g (i) = it (O + . f — )tz ) (4.29)
S+ ‘6kfl\k ‘
Then, quaternions §;, (i) are calculated by
qu\k ( ) = SQZ’fﬁk (1) O qk+l\k (4.30)
2) States are updated using the SGHQF algorithm as follows
&k+l\k+l = ’A‘k+1\k +L,, (Yk+1 ~ Vi ) (4.31)
Pk+l|k+l = Pk+]\k Lk+lPT (4.32)
where Yy, ., is the true measurement value at timek +1.
Nl)
Viw = ZW,-A(Q%\/{ ( '))rk+1 (4.33)
i-1
Np T
P, = ZW (6k+1\k ( ) Xk+1\k )(A(fl:lﬁ\k ( )) k41 Yk+1) (4.34)

i

=

PW W, A qfﬁ\k( ))rk+1_$’k+1 A(‘i:ﬁﬁﬁk (i))rk+l_§’k+l ' (4-35)
(A(

i=

—

-1
L =P (R, +P ) (4.36)
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3) The updated quaternion (., is then calculated using the first three
clements of g, . ,1.e. OP s and Qs € Ay = 0G0 © Gy Where
0q; ;. = I:SQ£+1\k+l 5O piisn :IT with
6‘~1k+1|k+1 = fc_l (a +6 9y kst )6f’k+1|k+1 (4.37)
T fc\/fcz + (1 ~a’ ) |6ﬁk+l|k+l
fo+ |613k+1\k+1 2

2

—a |5pk+l\k+l

(4.38)

6q4,k+1|k+1 =

Reset 8P, ., to zeros.

The SGHQF for the spacecraft attitude estimation can be summarized in

Algorithm II.
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Algorithm 4.1 SGHQF for Spacecraft Attitude Estimation

[G.P]=SGHQF_ATTITUDE| 4, Pyg. Ry T- ¥ At L |
(QO‘O : initial estimated quaternion; Py, : initial covariance matrix; 7 : total time of the
simulation; y: measurement values; Af : propagation step size; 7 : dimension of the
filtering algorithm; L : accuracy level for the SGHQ); q: estimated quaternions
(Qyx €9,k =0,---,T/ At); P: covariance matrix (P, € P,k =0,---,T/At))
Generate SGHQ points and weights [ V8 W] = SGHQ[n,L] using Algorithm I;
For k=0: T/ At
Prediction:
1) Factorize P,, =SS’ and let &, (i)=Sy,+%, (v, €2)
2) Calculate quaternions g} by Egs.(4.15)-(4.17).
3) Propagate quaternions qy; to q;", by Eq. (4.18).
4) Calculate attitude errors &7, (i) by Eq. (4.19).
5) Calculate the predicted state X,,,,and covariance P, using Egs. (4.21)
and (4.22).
6) Calculate the predicted quaternion q rx OY Egs. (4.23)-(4.25) and reset

the first three elements of X,_,, to zeros.
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Algorithm 4.1 (continued)

Update:

1) Factorize P, = SS” and recalculate points O (i)= Sy, + Xy -

2) Calculate quaternions G}, (i) by Eqgs. (4.27)-(4.30).

3) Update the state X, and covariance P,_,,., by Egs. (4.31)-(4.36); output
P.ato P,

4) Calculate the error quaternion 8q,,,,,, using Egs. (4.37), (4.38) and update
the quaternion q,y,; bY Qp,yery =0G, 15 O Uy s OULPUL Gy, 1O G-

Reset the first three elements of X, ., to zeros.

END FOR

4.1.4 Numerical Results and Analysis

Both the sparse Gauss-Hermite quadrature filter (SGHQF) and anisotropic sparse

Gauss-Hermite quadrature filter (ASGHQF) are used.

4.1.4.1 The Performance of SGHQF

In this section, several test cases are simulated to evaluate the performance of
SGHQF against several well-known nonlinear filtering techniques. The simulation of the
true attitude and sensor data is taken from [50]. The orbit parameters used here are
obtained from the TRMM spacecraft [50]. Only the three-axis magnetometer (TAM) and
gyroscopes are used for measurements. The magnetic field reference model is the 10"
International Geomagnetic Reference Field Model. The noise of the TAM model is zero
mean white Gaussian noise with a standard deviation of 50 nT. The gyro noise is also

assumed to have a white Gaussian distribution with zero mean and standard deviation of
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o, =3.1623x10"rad /s"*and o, = 3.1623x10"rad /s"* [3]. The initial gyro bias is
assumed to be zero. The parameters in GRPs are set to ¢ =1and f, =4.

Since we have shown that the CKF and UKF using certain parameters are special
cases of the SGHQYF, it is necessary to conduct a comprehensive comparison of these
nonlinear filters, which include EKF, CKF, UKF, and the GHQF.

As discussed before, different numbers of points for the univariate GHQ with
different accuracy levels can be used for SGHQ. In the following cases, we use three
point-selection strategies: L,2L—1, and 2" —1, for the level- L univariate GHQ . For
convenience, we denote them the 1% SGHQF, 2™ SGHQF, and 3™ SGHQF respectively.
The total number of SGHQ points with the accuracy level-2 and level-3 using these three
point-selection strategies for 6-dimensional problems are listed in Table 4.1.

Table 4.1  Total number of points for 6-dimensional SGHQFs (level-2 and level-3),
CKF, UKF, and GHQF

level-2 level-3
1" SGHQF 13 85
2" SGHQF 13 97
3" SGHQF 13 109
UKF 13
CKF 12
GHQF (m;=3) 729

The following simulation results are all averaged values of 50 Monte-Carlo runs.

Case 1: No Initial Estimation Error And Zero Initial Bias Estimate
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In the first case (Case 1), EKF, SGHQFs (level-2 and level-3), UKF, CKF and the
conventional GHQF (level-2) using 3 points for each dimension are compared assuming
that there is no initial attitude estimation error and the initial bias estimate is set to zero.
The initial attitude covariance is set to (0.5° )2 (0.5°1s the rotation angle about the eigen-
axis of rotation) and the bias covariance is set to (O. I /h)z. Since the simulation exhibits
very similar performance for all filters in this case, the results are not shown here.

Case 2: 30 degree Initial Attitude Estimation Error And Zero Initial Bias Estimate

The second case (Case 2) is to add 30 degree error to the initial attitude estimate
using the same parameters as those in Case 1. The initial bias estimate is still set to zeros.
The initial attitude covariance is set to (30° )2 and the bias covariance is set to (O.1° / h)z.
We use the same initial covariance for the EKF, UKF, CKF, and SGHQFs.

The norm of attitude estimation error for this case is shown in Figs. 4.1-4.2. The
results of SGHQFs with different accuracy levels and different univariate point-selection
strategies are shown in Figure. 4.1. The 2" SGHQF (level-2) exhibits identical
performance with the 3" SGHQF (level-2) since they use the same point set in the
filtering algorithm. In addition, they both have slightly better performance than the 1%
SGHQF (level-2). Furthermore, the SGHQFs (level-3) using different point-selection
strategies show no noticeable difference (they are overlapped and indistinguishable in the
figure). In Figure. 4.2, SGHQFs are compared with EKF, UKF, CKF, and the
conventional GHQF. Because SGHQFs at level-3 with different point-selection strategies
have very close performance, we use the SGHQF (level-3) to denote all of them. It can be
seen that both the SGHQFs (level-2) and the SGHQF (level-3) are more accurate than the
EKF. Furthermore, the SGHQF (level-3), the conventional GHQF, and the UKF (x=0)
/CKF exhibit nearly the same performance (they are overlapped and indistinguishable).
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They are slightly better than the 2nd (or the 3rd) SGHQF (level-2) and the 1st SGHQF

(level-2). Different SGHQFs at level-2 show slightly different performance while they all

work well for this case and are much better than EKF.

1
17 SGHOF (Level 2)
-=-== 3 or 79 SGHOF(Level 2) ]
— ! SGHOF (Level 3)
— 2™ SGHOF(Level 3)
) —— FISGHOFLevel 3
Hi

Attitude Error {Deq)
”::_:'i;,-.;'__
¢

19 SGHOF(L evel 2) ]

2M3" S GHOF(Level 2)

SGHOFs(Level 3)

| | |
L] 1 2

[ T 3
Time {Hr}

Figure 4.1  Norm of attitude estimation errors for SGHQFs using different point-
selection strategies and accuracy levels (Case 2)
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10° T T T T 1

— EKF

15t SGHQF (Level 2)/UKF (x=-5)
s 2" or 3™ SGHQF(Level 2)/UKF(x=-3) ||
UKF(x=0)/CKF
—— GHQF i
= SGHQF(Level 3) i

TITT

Attitude Error (Deg)

UKF(x=0)/CKF
GHQF
SGHQF (Level 3) r r r r r
0 1 2 3 4 5 6 7 8

Time (Hr)

Figure 4.2  Norm of attitude estimation errors in comparison with EKF, UKF, CKF
and GHQF (Case 2)
Case 3: 30 Degree Initial Attitude Estimation Error And 10° /h Initial Gyro Bias

Estimate In The y-axis

The third simulation case (Case 3) adds 10° / h initial gyro bias in the y-axis in
addition to the 30 degree initial attitude estimation error. The initial attitude covariance
is set to (30° )2 and the initial bias covariance is set to (10° / h)2 .

In Figures 4.3-4.5, the performance of SGHQFs with different accuracy levels and
different point-selection strategies, UKF, CKF, the conventional GHQF (m;=3), and EKF
are compared. In Figure 4.3, CKF, SGHQFs (level-2) and EKF are compared. It is shown
that only CKF converges within the 3o error bounds, while EKF, the 1* SGHQF, and
the 2™ or 3™ SGHQF (level-2) do not. In addition, the 1** SGHQF (level-2) converges

faster than the 2™ or 3" SGHQF (level-2). Furthermore, all SGHQFs (level-2) converge
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faster than the EKF. Note that by Theorem 3.2, the 13 SGHQF (level-2) and the 2™ or the
3 SGHQF (level-2) have identical performance with the UKF using the parameters

kK =-5 and x =-3, respectively. In Figure 4.4, it is shown that the SGHQF (level-3)
converges into the 3o error bound, within 1 hour, while the CKF needs more than three
hours. Moreover, both SGHQF (level3) and CKF have better performance than EKF and
SGHQF (level-2). The UKF with the suggested parameter (K =3 —n) does not converge
into 3o error bound within 8 hours. The result of the GHQF is not shown in Figures 4.3

and 4.4 because the performance is very close to SGHQFs (level-3). It is shown in Figure

0.05 1 ] . '\‘ _;:‘ X "~.,.._".~"’/-“" ™~ 5 "",,-""\_,, N
11 \ Vioog \\_ / N Mo S\ .
G ~ . ’
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& ! N N g Sememp o P L s TN ey ]
a 0 1 ‘ﬁam—v SIS e
3 1 7+t7 N | 2"j3r9SGHQF(Level2)/UKF(x=-3) i
o 1 15'SGHQF (Level2)/UKF (x=-5)
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oostlaiby g v o r EKF
0 3 4 5 st
oo === 15! SGHQF (Level2)/lUKF(x=-5)
.05~ >
i %, 1*'sGHaF(Level2yuKF(k=5) | 2" or 3" SGHQF (Level2)/UKF (x=-3)
[ \ —— UKF (x=0)/CKF
—_ i “\ ) Fones
g T o’ o, - dem, 4 R
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> 7~ %,
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-0.05 o
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Figure 4.3  Attitude errors of SGHQFs (level-2), UKF, CKF, and EKF with 3 ¢ error
bounds (Case 3)
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Figure 4.4  Attitude errors of SGHQFs (level3), UKF, and CKF with 3 o error bounds
(Case 3)

The norm of total estimation errors using the SGHQFs with different accuracy
levels and different point-selection strategies are shown in Figure 4.5. In this case, the ond
SGHQF (level-2) and the 3" SGHQF (level-2) (they are identical) have worse
performance than the 1% SGHQF (level-2), which is also shown in Figure 4.4. The
SGHQFs with the accuracy level-3 using different point-selection strategies still show no
noticeable difference. The performance comparison of EKF, GHQF (m;=3), UKF, CKF,
and SGHQFs (level-2 and level-3) is shown in Figure 4.6. The SGHQF (level-3) is still
used to represent all SGHQFs (level-3) using different point-selection strategies, since the
difference between them is nearly indistinguishable. It can be seen that the 2™ (or the 3™)
SGHQF (level-2) has identical performance with the UKF (x =-3) and the 1* SGHQF

(level-2) has identical performance with the UKF (&« =-5), as predicted by Theorem 3.2.
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Moreover, different SGHQFs with the accuracy level-2 exhibit more obvious difference
in this case. The SGHQF (level-3) has better performance than all SGHQFs with the
accuracy level-2, the UKFs, and the CKF. It implies that the SGHQF (level-3) is able to
capture large uncertainties more efficiently than other filters.

The conventional GHQF (m;=3) exhibits performance that is similar to the
SGHQF (level-3). However, considering the computational burden, the SGHQF is
superior to the conventional GHQF. In addition, EKF shows the worst performance in
this case.

For this case of study, it can be noticed that the univariate point-set selection
strategy may greatly affect the performance of the SGHQF with the accuracy level-2,
which can be considered as a tunable parameter like the x parameter for the UKF.
However, the SGHQF with the accuracy level-3 is not sensitive to the univariate point-set
selection. In this sense, the SGHQF will reach a more stable and guaranteed estimation
performance as the accuracy level increases. Recall that the UKF can only ensure the
accuracy level up to 3rd order polynomials while the SGHQF with the accuracy level-3 is
accurate up to 5th order polynomials. In addition, from the filter design perspective, the
SGHQF algorithm is very flexible with regard to the choice of accuracy levels, depending
on the estimation requirements and computational resources. The designer can easily use
a higher accuracy level (L>3) SGHQF to solve more complex multi-dimensional

nonlinear estimation problems.
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4.1.4.2 The Performance of ASGHQF

In this section, the performance of the ASGHQF is demonstrated and compared
with the EKF, UKF, CKF, SGHQF, and the GHQF.

The initial true gyro bias is assumed to be 0.1° / hour . The initial attitude
estimation errors and the initial gyro bias estimation errors are assumed to be random and
follow a normal distribution with a standard deviation of 30°and 10° / hour, respectively.

Considering the different scales of the GRPs and the gyro bias, the scaling matrix
in Section 3.3.3 is chosen to be D=diag([1/3600, 1/3600, 1/3600,1,1,1]). The importance
of the vector @ and the numbers of points of different filters used in the simulation are
shown in Table 4.2. For comparison, six cases of @ are considered. The values of @ are
chosen such that more points are placed in the dimensions with larger uncertainties. Note
that by Eq. (3.74), the p™ ASGHQF (L* =3) generates more points in the first p
(p=1,---,6) dimensions since these dimensions are more important due to larger

uncertainties.
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Table 4.2  Importance vector @ of ASGHQF and numbers of points of different filters

Importance vector Number of points
ASGHQF( " =2)/SGHQF(L=2) a=[L11LLL1] 13
/JUKF(k=3-n)

1t ASGHQF( " =3) a=[1,2,2,2,2,2] 15

2" ASGHQF(L" =3) a=[112,2,2,2] 25

3" ASGHQF(L* =3) a=[1112.2,2] 37

4™ ASGHQF(L* =3) a=[111122] 53

5™ ASGHQF(L" =3) a=[111112] 73

6™ ASGHQF(I* =3)/SGHQF (L=3) | a=[L111L1] 97

GHQF 729

Recall that the 6™ ASGHQF (L' =3) is identical to SGHQF (L=3) as discussed in
Section 3.3, since all the elements of @ are the same. The points and weights of the
SGHQs and the ASGHQs are obtained using the SGHQ algorithm of Ref. [25]and Eq.
(3.74), respectively. Moreover, accuracy levels 2 and 3 (i.e. L=2 or 3) are used for the
SGHQF and accuracy level-3 is used for the ASGHQF (i.e. L" =3). Note that the level-2
(L' =2) ASGHQ is the same as the level-2 SGHQ, according to Remark 3.9, and the
UKF (x=3—n) is also the same as the level-2 SGHQF [25].

In Figure 4.7-4.9, the performance of ASGHQFs with different o, EKF, UKF
(x=3-n), CKF, GHQF, and SGHQF are compared based on 100 Monte Carlo runs . In
Figure 4.7, the attitude errors of the EKF, UKF, CKF, and GHQF are compared. The 3o
bound of the GHQF is used, since it has the highest accuracy. It is shown that in the

simulated period of time, the EKF and the UKF (x =3 —n) do not converge into the 3o
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bound, whereas the CKF and GHQF do. In Figure 4.8, the EKF, the ASGHQFs with
different @, and the GHQF are compared. Because the 5™ ASGHQF and the 6™
ASGHQF have very close performance to the GHQF, they are not shown. In Figure 4.9,
the norms of the total attitude estimation errors are compared for the EKF, UKF, CKF,
ASGHQFs and GHQF. It is can be seen that the EKF is the worst and the CKF is more
accurate than the UKF (& =3—n). In addition, all ASGHQFs are more accurate than the
UKEF, as predicted by Theorem 3.5, since the UKF is in fact a level-2 SGHQF. The 31
ASGHQF and the 4™ ASGHQF are both more accurate than the CKF. The 5™ ASGHQF,
the 6™ ASGHQF, and the GHQF are very close and are nearly indistinguishable from
each other.

As for the computational efficiency of the filtering algorithm, it is worth noting
that all point-based Gaussian approximation filters share the same filtering algorithm
given by Eqs.(2.29)-(2.35). The difference lies in the methods of computing the points 7,
and weights .. Note that they are generated offline. The more points there are, the more
function evaluations and matrix-vector computations will be involved in the online
filtering algorithm as seen from Eqgs. (2.29)-(2.35). Therefore, the main computational
load depends on the number of points. The other slight difference of ASGHQF from
others is on the scaling of the covariance matrix and the new formulae for computing S
in Eq. (2.31) and S in Eq. (2.35) (Section 2.2.1.2). However, the extra computation only
involves two matrix multiplications, i.e. DPD’, which is very minor compared to the rest
of the computation load. The computation load of the new ASGHQF lies in between
UKF and GHQF/SGHQF. But, it is more accurate than UKF and maintains close

performance to GHQF and SGHQF. The primary advantage of the ASGHQF is that it is
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more flexible to use than the SGHQF and GHQF, allowing the designer to tune the

importance vector @ to balance the computational load with the accuracy requirement.

Figure 4.7

Figure 4.8
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Figure 4.9  Comparison of total attitude estimation error norms using EKF, UKF, CKF,
ASGHQFs and GHQF

4.2  Spacecraft Orbit Determination

In this section, the performance of the SGQF is demonstrated by the orbit
determination problem and is compared with EKF, UKF, CKF, and GHQF. The orbit
determination problem is to obtain accurate satellite position and velocity from noisy
observations.

The low-earth orbit (LEO) satellite dynamics can be described by [91]

f=-}%r+ac+aD+v (4.39)

where r = [x, y,z]T is the position of the satellite in the inertial coordinate frame (I-J-K),

2 2 2 . . . . . .
r= «/x +y° +2z° , v is a white Gaussian process noise, and a; is the instantaneous

acceleration due to the J, perturbation [92]. J, is the dimensionless second zonal
harmonic that quantifies the major oblateness effect of the Earth. The J, perturbation
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may cause a noticeable precession of the LEO satellite orbits. a,is the atmospheric drag
with
1C,4

aD = _57pdvrelvrel (440)

where p, is the atmospheric density; m_ is the satellite”s mass; C, is the drag
coefficient; Vv,, is the velocity vector relative to the rotating atmosphere and A is cross-
sectional area [51]. In this chapter, we only consider J, and atmospheric drag
perturbations. The lunar/solar gravity perturbation is very small and is negligible for the
low-earth orbit (LEO) satellite. All the unmodeled perturbations are regarded as the
process noise.

The measurement model is described by

az=tan"' L&J +n,
P

el =tan™' {L} n, (4.41)

\p: +p;
lol= e +p2+p; +n,

where the azimuth (az), the elevation (e/), and the range p = [pu P, P, ]T can be
measured by the radar site on the ground with respect to the local observer coordinate
system, (#—é—7n; “up, east and north”). The range can be related to the position vector

in the inertial frame (I-J-K) by the coordinate transformation given by Eq. (4.42).

P, cosh 0 sinA || cos® sin® Of x— ||R|| cosAcos6
p,|=| O 1 0 || —-sinB® cos® 0 y—||R||cosksin6 (4.42)
p,| |-sink 0 cosr| 0 0 1) z-|R|sinn
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where ||R|| = 6378.1363kmis the earth radius, A and 0 are the latitude and local sidereal

time of the observer respectively, and n_,n

az el >

and n, are the white Gaussian

measurement noise. The geometry of the observation model is shown in Figure 4.10.

Observer’ s
meridian K
plane >

&

o

Spacecraft
r

Position o
Observer

Inertial R
Reference A
Direction

y Equatorial

1 plane

Figure 4.10 Illustration of the observation geometry

Generally, it 1s impossible to track a LEO satellite continuously from a single
radar station. In the assumed simulation scenario, the reasonable track time is about 5
minutes. Hence, the simulation time is set to be 5 minutes and the measurement period is
5 seconds. The step size of 0.1 second and the fourth-order Runge-Kutta algorithm are
used for dynamic propagation [52]. The latitude and the longitude of the radar site are
~10.749° and —70.5983°, respectively. The initial simulation time is March 29, 2011,
17:00:00. Moreover, the atmospheric drag parameters are C, =2.2, 4/m = 0.02m’ / kg,

and the atmospheric density p, is calculated by the exponential model [51].
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The state description of this orbit determination problem is
X, = |:(x” )T (x“ )T T =[x v z x y Z']T. The initial true state value is assumed to
be x, =[(x(§’ ) (xg)TT. where (x) =[6949.599783,1045.733299,64.918535 |km
and (x} ) =[-0.902571,5.697655,4.841182] ks are the initial true position and
velocity of the satellite, respectively. The above orbital parameters, including the initial
conditions, the radar site, and the track time are verified to be feasible using STK®, a
well-accepted software tool for high-fidelity modeling of satellite orbits.

The level-2 and level-3 SGQFs are applied to this orbit determination problem
and compared with the EKF, the UKF, the CKF, and the GHQF. The level-2 SGQ points
and weights are computed using Eq. (2.46) and the level-3 SGQ points and weights are
computed using Egs. (3.24)-(3.26).

There are three cases of level-3 SGQFs as discussed in Section 3.2. Case 1 does
not have any tunable parameters and uses the GHQ points p, = p, = p, = J3; Case 2 has
two tunable parameters, p, (= p,)and p,; and Case 3 has three tunable parameters, p,,

D,,and p,. The SGQF parameter p, is used in both level-2 and level-3 SGQFs. The
other two parameters are used only in the level-3 SGQFs. In other words, the level-2
SGFQ only has one tunable parameter p, while the level-3 SGQFs have up to three
tunable parameters.

To investigate the effect of the SGQ parameters on the filter performance, seven
SGQFs with different parameters are tested. The GHQ points p, = p, = p, = 3 are used
as the reference points about which p,, p,, and p, are varied and given in Table 4.3.
Note that, for level-2 SGQFs, the SGQ points and weights are only determined by p,,

and for level-3 SGQFs the locations and weights of most points are determined by p,
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from Egs. (3.24)-(3.26) . Therefore, the influence of p, is more significant than the other
two points.

In the following, the root-mean square errors (RMSEs) of SGQFs over 50 runs are
compared with those of the EKF, UKF, CKF, and GHQF. The RMSEs of the position

and velocity estimates at time k are defined as

RMSE (k)= \/N—Z((xk %) + (=5 ) +(z -2, )2) (4.43)

1 N,

rouse, (1) (54 +(5-5)

me n=1

2

(z-4 )2) (4.44)

T

where N, =50is the number of simulation runs; [£, 5, Z,] and [;*ck P, 2 ]T are

the estimated position and velocity at time 4, respectively.

Table 4.3  Parameters of SGQFs

1" SGQF (Case 1) | 3 B B

2""SGQF (Case2) | 1.71 | 1.71 | 2.50

3" SGQF (Case2) | 1 1 2.5

4™ SGQF (Case2) | 0.5 | 0.5 2

5™ SGQF (Case 3) | 1.71 | 1.00 | 2.50

6™ SGQF (Case 3) | 1 2.5 1.5

7™ SGQF (Case 3) | 0.5 2 1

Two different scenarios, with small initial estimation errors and large initial

estimation errors, are used to test the filter performance.
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1.1.1 The First Scenario: Small Initial Estimation Errors

In this scenario, the initial estimates are assumed with small errors
(%) =[6989.157085,1061.379082,117.351971]km and
(%)) =[-0.899065,5.291087,5.005861]kms . The initial covariance is
P, = diag([[l 0’, 102,102](km)2 ,[10*2,1072,10*2](km/s )2 }) The reasonable process and
measurement noise covariances are assumed to be [52].

Q = diag([0,0,0,10” (kns)", 10" (kmvs)’ 107" (k)" |and
R, = diag([(O.OlSO )".(0.015°)",0.025% (km)’ }) respectively.

The SGQFs (level-2 and level-3) using the parameters in Table 4.3 are tested and
compared with the EKF, UKF/CKF, and GHQF. Since « is a tunable parameter for UKF,
arange of x=-3,-2,-1,0,1,2,3 are used for the test. The position and velocity RMSEs
are shown in Figure 4.11 and Figure 4.12 respectively. Because there is no discernible
difference among all SGQFs (level-2 or level-3) and UKFs are identical to level-2
SGQFs (Theorem 3.3), only one of the level-2 SGQFs and one of the level-3 SGQFs are
given in Figure 4.11 and Figure 4.12. The simulation results show that SGQFs are
slightly more accurate than EKF. The level-2 SGQFs, level-3 SGQFs, and GHQF all
have such close performance that their RMSEs are indistinguishable. Therefore, the
point-based methods (UKFs, SGQFs, and GHQF) do not show significant advantages

over EKF when the initial estimation errors are small.
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Figure 4.11 RMSEs of the position with small initial estimation errors
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Figure 4.12 RMSEs of the velocity with small initial estimation errors
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4.2.2 The Second Scenario: Large Initial Estimation Errors

In this scenario, the initial estimates are assumed with large errors
(%) =[7252.009273,1358.407862,383.904071 [km and
(%)) =[-0.613101,5.991868,5.138553]km . The initial covariance is

P, = diag([[10°,10°,10* J(km)" [10,102,107 ] (ks " .

4.2.2.1 Results of UKFs and level-2 SGQFs

In this section, we compare the SGQF at accuracy level-2 with EKF and GHQF.

The first group of tested level-2 SGQFs is the UKFs with a range of the tunable

parameters x =—3,—2,—1,0,1,2,3. Recall that the UKF is identical to the level-2 SGQF

with p, =«/n+x (Theorem 3.3 and Eq. (3.30)). The role of the tunable parameter x for

UKEF is the same as the tunable parameter p, for SGQF. The RMSEs of the position and

velocity estimates for EKF, UKFs, and GHQF are shown in Figure 4.13 and Figure 4.14,

respectively.

, & EKF
10° ¢ T T T T et UKF (k =-3)
©—UKF (k=-2)

UKF (k=-1)
- UKF (x=0)/CKF

-UKF (x=1)

UKF (k=2)

ot

UKF (k=3)

_..O_..
—k— GHQF

MAAAAAAAAAAA

os(km)

P
-
S

RMSE

r r I r r
0 50 100 150 200 250 300
Time(s)

Figure 4.13 RMSEs of the position with large initial estimation errors: EKF, UKFs, and

GHQF
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Figure 4.14 RMSEs of the velocity with large initial estimation errors: EKF, UKFs, and
GHQF

As can be seen, UKFs and GHQF are much more accurate than EKF for large
initial estimation errors. Additionally, all the UKFs for different x parameters exhibit
close performance. Note that the suggested parameter of xis xk =3—n=-3[35], and the
CKF is identical to the UKF when x = 0. For this particular application, UKF has the
best performance when x =3. The CKF is slightly better than the UKF with the
suggested value of x =-3. GHQF is obviously more accurate than all UKFs.

In the above group of tested UKFs or level-2 SGQFs, the parameter p,
corresponding to the same as x used for UKF are all greater than or equal to xﬁ .Soin
the second group of tested level-2 SGQFs, we use the values of p, that are smaller than
\/?_> for further comparison. These parameters of p, correspond to the 1** SGQF through
4 SGQFs as shown in Table 4.3. Since all the UKFs and CKF do not show much

difference in performance, we will select the CKF and the UKF with the suggested
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parameter x =—3 as the references for comparison with other level-2 SGQFs, i.e. the 1*
SGQF (level-2) to the 4™ SGQF (level-2) in Table 4.3.

The RMSEs of the position and velocity for EKF, level-2 SGQFs, and GHQF are
shown in Figure 4.15 and Figure 4.16. As can be seen, all level-2 SGQFs are much more
accurate than the EKF but not as accurate as GHQF. Note that the 1% SGQF (level-2) is
the same as the UKF with the suggested parameter x = 3.

In summary, all the level-2 SGQFs including UKF and CKF with different
parameter values demonstrate close performance, which is more accurate than EKF but

not as accurate as GHQF.

10 T T T T T
& EKF

—S— 15t SGQF (level-2)
& 2" SGQF (level-2)
' UKF (x=0)ICKF
O 3" SGQF (level-2)
105 O 4" SGQF (level2) | 7
3 —%—GHQF b

pos (km)
B

RMSE

0 50 100 150 200 250 300
Time(s)

Figure 4.15 RMSEs of the position with large initial estimation errors: EKF, level-2
SGQFs, and GHQF
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Figure 4.16 RMSEs of the velocity with large initial estimation errors: EKF, level-2
SGQFs, and GHQF

4.2.2.2  Results of level-3 SGQFs

In this section, the level-3 SGQFs with different parameters of ﬁl , f72 , and [33
corresponding to the three cases in Table 4.3, 1s compared with EKF, UKF ( « =3 with
the best performance), and GHQF. The RMSEs of the position and velocity are shown in
Figure 4.17 and Figure 4.18.

It can be seen that all level-3 SGQFs are more accurate than the EKF and level-2
SGQF/UKEF. All level-3 SGQFs are overlapped and have no discernible difference, which
implies that these level-3 SGQFs are not sensitive to the SGQ parameters. Note that the
level-2 SGQ can approximate the integral calculations up to the 3" order polynomials
whereas level-3 SGQ can be exact up to the 5™ order polynomials (Theorem 3.1). From
the simulation tests, it indicates that the 3" order polynomial approximation is not
accurate enough, which is the reason that one can see the performance difference (Section

4.2.1) using different parameters of P, (or & for UKF). However, the level-3 SGQ that is

117

www.manaraa.com



exact up to the 5™ order polynomials is accurate enough to capture the nonlinear
characteristics and initial estimate uncertainty of this orbit estimation problem. Note that
no matter how the parameters p,, p,, psare tuned, the 5™ order accuracy can be

guaranteed and thus the performance will not exhibit noticeable difference.

L EKF
5 -0+~ UKF (x=3)
15t SGQF (level-3) | ]
$ -=¢=:-2"d SGQF (level-3) | ]
34 SGQF (level-3) | |
=== 4th SGQF (level-3) | |
—+— 5" SGQF (level-3)
102 6" SGQF (level-3) | |
—+— 7th 5GQF (level-3) | ]
—s—GHQF

s (km)
>

RMSE

:
0 50 100 150 200 250 300
Time(s)

Figure 4.17 RMSEs of the position with large initial estimation errors: EKF, UKF,
level-3 SGQFs, and GHQF

Figure 4.17 and Figure 4.18 also show that the level-3 SGQFs have the same
performance as the GHQF (m, =3). However, the level-3 SGQFs uses 73, 85, and 97
points for the Cases 1, 2, and 3, respectively whereas the GHQF uses 3° (=729) points.
No comparison was made using the GHQF with higher accuracy because it would require
a large number of GHQ points, for example, 5° (=15625) for m, =5. The number of
points for different SGQFs and GHQF are shown in Table 4.4, which indicates that the

SGQF is computationally much more efficient than the GHQF.
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Figure 4.18 RMSEs of the velocity with large initial estimation errors: EKF, UKF,
level-3 SGQFs, and GHQF

Table 4.4  Number of Points for different SGQFs and GHQF

SGQF SGQF SGQF GHQF
(Case 1) (Case 2) (Case 3) my =3
level-2 13 13 13
729
level-3 73 85 97

From the above simulation results, Figure 4.13-4.18, it can be seen that the level-3
SGQFs demonstrate the best performance and are good enough for this orbit
determination problem. It is worth noting that for other applications, higher level-SGQF
may be desirable.

In this section, GHQ points are used as the reference points to tune the parameters

of SGQ. If the three-point univariate GHQ is used for /, and /,, the reference points are
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Di=D,=D;= 3. Higher accuracy GHQ points can be used for /,and , as well. For
example, 3 and 5 univariate GHQ points can be used for /,and 15, respectively, with the
reference points being p, =3, P, =1.3556 and p, =2.8570 . The parameters of SGQ can
be tuned around these reference points. For SGQ of higher than three accuracy levels,
which need more points to match higher moments, more than 3 univariate GHQ points
should be used as the reference points. In addition, the GHQ points are optimal for the
integrals when the integrand function is of the special form that is the multiplication of a
polynomial function and the Gaussian pdf. For a general form that is the multiplication of
a general nonlinear function and a non-Gaussian pdf, the GHQ points may not be optimal

and the tunable parameter P, can play an important role in the performance of the SGQF.

4.3  Spacecraft Relative Navigation

The relative navigation of spacecraft is important to many space missions, such as
rendezvous, docking, and formation flying [93, 94]. A variety of technologies have been
proposed to determine the relative attitude and orbit between spacecraft. GPS was used in
[95, 96] for relative navigation. However, GPS signals are difficult to obtain in many
situations like deep-space missions. To circumvent the GPS limitations, many self-
dependent measurement systems have been proposed. The inner-formation gravity
measurement satellite system was used in [97] and laser radar based relative navigation
was proposed in [98]. The vision-based navigation system has recently drawn much
attention [93, 99]. There are many advantages of the vision-based navigation system,
such as small sensor size and wide sensor field of view. More features can be found in

[100].
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In this section, the relative navigation of two spacecraft is considered. The relative
navigation problem includes the estimation of the relative attitude and the relative orbit.
In addition, the gyro bias of the chief and the deputy can also be obtained or corrected.
The dimension of the system state is 16 and is thus a high dimension estimation problem.
In the vision-based navigation system, beacons (specific light sources) are used to
achieve a selective vision and position-sensing diode based sensors placed in the focal
plane are used to locate the beacons (light sources) [100].

The classical extended Kalman filter (EKF) has been used in [54, 93] to estimate
the attitude and orbit simultaneously. However, the EKF may not be accurate when the
initial uncertainty is large. Many point-based Gaussian approximation filters proposed in
recent years can be used to improve the estimation accuracy. Among these filters, the
unscented Kalman filter (UKF) is probably the most widely used [35, 36]. The UKF has
been employed to solve the relative navigation problem in [101]. Although the UKF is
more accurate than the EKF, it is less accurate than the Gauss-Hermite quadrature filter
(GHQF) [56]. Nevertheless, the GHQF cannot be used to for the relative navigation
problem because the number of points required by the GHQF increases exponentially
with the increase of the dimension, which is the curse-of-dimensionality problem. The
sparse Gauss-Hermite quadrature filter (SGHQF) [25] can be used to alleviate this
problem while maintaining close performance to the GHQF. In addition, we have shown
that the SGHQF can achieve higher accuracy than the UKF by using additional
quadrature points [25]. In this section, the SGHQF is used to solve the vision-based

relative navigation problem.
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4.3.1 Relative Navigation Model

In this section, the relative attitude kinematics and the relative orbit dynamics of

two spacecraft, as well as the vision-based measurement model, are briefly reviewed.

4.3.1.1 Relative Attitude Kinematics

The relative attitude is described by the relative quaternion and its kinematics at

time k£ —1, and is given by [93]

q, = Q(md,k—l )F(mc,k—l )qk—l (4.45)
with
cos (%"md,kl”Atjlm - [\Ilk—l X] Vi
Qo) | (4.46)
Vi, 005(5"%«—1 | j
cos [%‘ O “ Atjlm - [6k—1 X] O,
Mo, )= 1 (4.47)
-5, cos(—‘ o, “ At}
sm( Hc)d’k_luAtdek_l
and v, = (4.48)
o0z
sin(;\mck IHAtjmck |
5, = (4.49)
oo

where ®_,_, and ®, ., are angular velocities of the chief and the deputy at the time k-1,

respectively. Af is the sample interval and [y, _x] is a cross product matrix. Assume

thaty, ;= I:Wl,k—l sSWoksWs i ] "and [‘I’k—lx] is defined by

0 Vi Voka
[‘I’k—l X] =| Wi 0 Vi (4.50)
Yora  WVika 0

The model used to measure the angular velocity is given by [50]
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0O=0+p+¢, (4.51)
B=¢, (4.52)
where @ and ® are the continuous-time measured and true angular velocity,
respectively. B is the gyro bias, and €, and €, are independent white Gaussian noise
with zero mean and covariance o1, , and o1, ,, respectively.
In the standard filtering formulation, given the post-update gyro drift rate ﬁ;_l ,
the estimated angular velocity @, , is given by [50, 93]
o, =6, B, (4.53)
where @, , is the measured angular velocity at time &k —1.

The prediction of the gyro drift is given by

B, =B, (4.54)

4.3.1.2  Relative Orbit Dynamic Equations

In this section, we consider a circular or near circular orbit. In this case, Clohessy-

Wiltshire equations can be obtained [51]

¥—2@,y 30 x=0 (4.55)
$+2w0.x=0 (4.56)
F+@'z=0 (4.57)

T .. T . .. . .
where [x, V, z] and [x, P, Z] are the relative position and velocity vector, respectively
and @, is the mean orbital rate, given by

. =

”

Y7,
= (4.58)

with 4 and a being the standard gravitational parameter and the radius of the chief,

respectively. The radius of the chief is assumed to be known.
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Define the state variables of the relative orbit as x, = [x, V,Z,X, )'/,Z']T )

Considering the perturbation noise, the state equation becomes

X
y
X, = f(x,) : (4.59)
X, =f(x,)= .
' 20,y +30 x +v,
—20,x+v,
| —wlz+v,
where v, , v , and v, are the Gaussian noise with variances of O'x2 , O'j , and 022 ,
respectively.
4.3.1.3 Vision-Based Measurement Model
The vision-based measurement can be modeled as [93]
b, = A(q)r, +n, i=1,2,--,N, (4.60)
with 4(q)=0"(q)yv(q);
q,L;+|px
O(q)="* T[ J (4.61)
L P i
9l —|PX
w(q)=|" Sjpr[ ] (4.62)

where q = [pT,qJ is the relative quaternion in which P is the vector part and g, is the
scalar part; IV, is the number of sensors; b . denotes the measured value by the i"™ sensor
and I, is given by [93]

X
r = ! Y-y (4.63)

X (- (22| 7

Note that (X Y, Zl.) is the known object space location of the i/ beacon and n, is white

Gaussian noise.
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4.3.2 Relative Attitude And Orbit Estimation

The state vector of the relative navigation, including the relative attitude and the
relative orbit is given by x = [xz X ]Twhere x, € R’ and x, € R® denote the relative
attitude vector and the relative orbit vector, respectively. Many parameters can be used to
represent the three-axis attitude as discussed in Section 4.1.

In this chapter, unconstrained MRPs are used to represent attitude errors in the
filtering algorithm. Given the attitude error represented by MPRs op, the error
quaternion &q = (ﬁpT ,5q4—|f is given by

_—a, o0 + £ £2 +(1-a,) 0]

. I 6p||2 (4.64)
op=/"(a,+5q,)op (4.65)
where @, and f. are two parameters.
Given the error quaternion d(q, the MRPs dp is given by
op=/. _%a (4.66)

am + §q4
In this section, we use @, =1 and f, =4 . Define the state of the relative attitude at time
T

kas x,, = [Sp,f B, B, ]T, where 8p, , B, , and B, are the attitude error, the gyro

bias of the chief, and the gyro bias of the deputy, respectively.

4.3.2.1 Relative Navigation Algorithm

. o . . 7 A T A . .

Given the initial estimate %, = [xz 0> xf()] , q, and the initial covariance P, , the
point-based Gaussian approximation relative navigation filtering can be summarized as
follows.

Prediction

T

1) The transformed points &,_,_, (i) = [(ga’k_lk_l (i))T ’(gr,](_llk_l (l'))T } are
calculated by Eq. (2.31). Note that
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& (i)= [ng’k_”k_l (@) & (@) g (z')T}T with 7 being the
point index and éif’k,l‘k,l (1)=0,,[50]; (ér, P ( ))T are the transformed
SGHQ points corresponding to the six dimensional state X, éa"k k1 (i )
are then transformed into error quaternion 8q;"},_, (i) by Egs. (4.64) and
(4.65). The superscript ,pre* denotes the prediction step.

2) The transformed quaternions q."j,_, (i) can be obtained by
a5 (1) =047, (i) © G,y , where © denotes the quaternion product.

3) The predicted quaternions qyy , (i) are predicted by Eq. (4.45). Note,
o, and @, are obtained by Eq. (4.53).

4) Error quaternions 84y, (i ) are calculated by
8qy, ., (I)=ak, (i)o [qgjf 1)]71 . Then, the predicted points &%, (i)
can be calculated by Eq. (4.66). The predicted points F;gjk‘ (i) and
&Efk‘k_l () are given by Eq. (4.54) and &, , (i) is obtained by the
relative orbit dynamics in Eqgs. (4.55)-(4.57). Hence,
s (1) = [(éa’k‘k_l (z‘))T ,(ér,k‘k_l (i))T —|T can be obtained.

5) The mean and covariance are calculated by Egs. (2.29)-(2.30). Then the
first three mean values are transformed into the error quaterniondq,, , .
The predicted quaternion §y,_, is obtained by G = 5, O 47y (1)

Update

1) Similarly, the transformed points %MH (z) = [(%a’k“ (i))T ,(%r’k‘,ﬂ (i))T T
are generated by Eq. (2.35). Then &”,,_, (i) can be transformed into the
error quaternion 5qu,§{_1 (i) by Egs. (4.64) and (4.65). The superscript
,upd"” denotes the update step; &>, (1)=0,,, [50].

2) Calculate quaternions 4, (1) =8q, (i) Ol -
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3) Given the measurement values, the state X, and covariance P, can be
updated by Egs. (2.21)-(2.23) with Gy, (i) , &, (i), b, and R,
4) Calculate the error quaternion 8q,, by Eqgs. (4.64) and (4.65). and the

updated quaternion q,, =8¢, Oq,,_, .

4.3.2.2  Approximation of The Process Noise

The covariance of discrete-time noise process Q,_, used in filtering is intractable
because it depends on the attitude matrix [93]. A numerically approximated discrete-time
process noise can be obtained as follows.

The error-state dynamics of the relative navigation problem is given by [93]

Ax =FAx+Gyv, (4.67)

where

—[0,x] 4(4) L 036
0,3 055 Oy 056
F=| 0, 055 034 0556 (4.68)
(U Ops O 8f8(xr )
X, |,
A (‘i) Ly 045 055 Oy
Oy5 Oy L5 Oy Oy
G=| 0y, 055 055 Iy 0y, (4.69)
Oy5 Oy Opy Oy Oy
L Oss Oys 05 Oy5 Ly

The covariance of the process noise V, is given by

Q, =diag (U:O_jvlm J ’ [O-jvlm ] ) ':Uczu13><3 ] ’ |:0-qu3><3 ] .07, O_yz N }) (4.70)
where oI, and o’,I,, are covariance matrices corresponding to gyro noises in Eqs.

(4.51) and (4.52) of the chief, respectively. Similarly, ijl3x3 and Gju[3x3 are covariance
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matrices corresponding to gyro noises of the deputy. o, Gj ,and o’ are covariances of
Gaussian process noises in the relative orbit dynamics (Eq. (4.59)).
Then, the approximated discrete-time Q is given by [93]
Q=B.B, (4.71)

where B, and B,, can be obtained from the following equations.

B, B
eA{ ! ‘2} (4.72)
B21 B22
with
_ T
a-|TF GG, (4.73)
0 F

Note that €' is the matrix exponential operator and that the discrete-time process noise at

time kK —1 can be obtained using Eq. (4.71).

4.3.3 Simulation Results and Analysis

In this section, simulation results are presented to compare the SGHQF with the
EKF, the UKF, and the CKF. In the simulation scenario, the chief orbit radius is assumed
to be 7,278,136 m. The initial estimated states are generated randomly by adding random
errors with the normal distribution N (0, P, )to the initial true value
X, = [qg,ﬁio, Blo xf,()]T , where
q, = [—0.01 1108,0.707019, 0.58552,0.396443029419108]7 ,
X, o =[200m, 98.3471m,200m, 0.05m/s, — 0.4067 m/s,0.05 m/s]T , By =[LL, I]T deg/hour

,and B, = [l,l,l]T deg/hour .
For P,, the initial covariance of the attitude is diag([20°,20°,20° ]2 ) The initial

covariance matrices of the gyro biases for the chief and the deputy are assumed to be the
same and are diag([lO" /h,10°/h,10°/ h]z) . The initial covariance of the position and
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velocity are diag([lom,lom,wmf) and diag([O.Olm/s,O.Olm/s,O.Olm/s]2),

respectively.
To achieve bounded relative orbit, the following constraint for the initial values
should be satisfied [51]
Vo = —20.X, (4.74)
and
Vo =2%, /0, (4.75)
where @, is given by Eq. (4.58).
The true angular velocities of the chief and deputy are given by
®, =[0,0.001,-0.001] rad/s and ®, =[~0.001,0,0.001] rad/s , respectively. The
standard deviations of the gyro biases for the chief and the deputy are
o, =0, =10x10" rad/s"* and o, = o, =[10x107 rad/s”* | respectively. Four

beacons are used in the simulation. The locations of the beacons are listed in Table 4.5.

Table 4.5  Locations of beacons

X, Y Z,
Beacon 1 0.5 0.5 0
Beacon 2 -0.5 0.5 0
Beacon 3 0.5 -0.5 0
Beacon 4 -0.5 -0.5 0

In the filters, the fourth-order Runge-Kutta method is used to propagate the state
2
x, of the relative orbit. The covariance in the measurement equationis R, = (0.00050) .
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The simulation time is 30 minutes and the sampling time is 1 second. The
measurement period is 10 seconds. The following simulation results are based on 50
Monte Carlo runs. The averaged absolute estimation errors of each state are shown in
Figure 4.19-4.23. From Figure 4.19, it can be seen that the SGHQFs and CKF have better
performance than the EKF and the UKF (x =3—n=—12) for attitude estimation. The
perform of UKF is close to that of EKF and the level-2 SGHQF is close to CKF. Among
all tested point-based Gaussian approximation filters, the level-3 SGHQF converges
much faster than the UKF, the level-2 SGHQF, and the CKF, and achieves the best
accuracy. Furthermore, from Figure 4.20 and Figure 4.21, only the level-3 SGHQF can
obtain acceptable results for estimating the gyro biases of the chief and the deputy.

The relative position and velocity are shown in Figure 4.22 and CHAPTER IV,
respectively, in which the EKF and UKF are not shown in because they cannot converge
into acceptable ranges. It can be seen from Figure 4.22 and CHAPTER 1V that the level-2
SGHQF and the CKF are very close and the level-3 SGHQF achieves the best

performance in terms of the convergence rate and the estimation accuracy.
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Figure 4.19 Averaged absolute attitude error of EKF, SGHQFs, UKF, and CKF
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Figure 4.20 Averaged absolute error of gyro biases of EKF, SGHQFs, UKF, and CKF
for the chief spacecraft
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Figure 4.21 Averaged absolute error of gyro biases of EKF, SGHQFs, UKF, and CKF
for the deputy spacecraft
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Figure 4.23  Averaged absolute error of relative velocity of SGHQFs and CKF
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CHAPTER V

CONCLUSIONS AND FUTURE RESEARCH

To summarize this dissertation, the following conclusions can be obtained.

1) Three new sparse-grid based Gaussian approximation filters, including sparse
Gauss-Hermite quadrature filter, sparse-grid quadrature filter, and anisotropic sparse-grid
filter, have been proposed. The sparse Gauss-Hermite quadrature filter alleviates the
curse-of-dimensionality problem of the conventional Gauss-Hermite quadrature filter
while maintaining close performance to it. In addition, the sparse Gauss-Hermite
quadrature filter can achieve higher accuracy than the extended Kalman filter and the
unscented Kalman filter. The sparse-grid quadrature filter extended the sparse Gauss-
Hermite quadrature filter by replacing the Gauss-Hermite quadrature rule with the
moment matching method. Tunable parameters can be used to make the filtering design
more flexible. The anisotropic sparse-grid quadrature filter provides an alternative to the
sparse-grid quadrature filter to tradeoff the computation complexity with the estimation
accuracy.

2) Theoretical analysis is given to prove the guaranteed performance of the three
proposed sparse-grid based filters. It has been shown in this dissertation that the
unscented Kalman filter with suggested parameter is a subset of the sparse Gauss-
Hermite quadrature filter. In addition, the unscented Kalman filter with any parameter is
a subset of the sparse-grid quadrature filter. The relationship among the numerical rules

used in Gaussian approximation filters including the unscented transformation, the
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cubature rule, the sparse Gauss-Hermite quadrature, the sparse-grid quadrature, and the
anisotropic sparse-grid quadrature, has been established in terms of points, weights, and
accuracy. It has been shown that all these point-based rules can be closely unified in the
general sparse-grid framework. The sparse-grid based filters can achieve higher accuracy
than the unscented Kalman filter. Furthermore, the computational complexity in terms of
the number of points used in these filters has been analyzed. It is shown that the number
of points increases polynomially with the increase of the dimension, which alleviates the
curse-of-dimensionality.

3) Three aerospace applications, including spacecraft attitude estimation, orbit
determination, and relative spacecraft navigation, are investigated to demonstrate the
performance of the sparse-grid based filters. The simulation results have shown that the
sparse-grid based filters achieve the best overall performance in terms of estimation
accuracy and computational efficiency against the extended Kalman filter, unscented
Kalman filter, cubature Kalman filter, and Gauss-Hermite quadrature filter.

There are two future research objectives. The first objective is to design a new
sparse-grid filtering framework that can handle highly non-Gaussian systems. The sparse-
grid generation in this dissertation will be extended to integrals with general probability
density functions and new point propagation and update strategies will be developed. The
second objective is to extend the sparse-grid filtering method to continuous-discrete
systems, which can be used to solve the Fokker-Planck-Kolmogorov equation. The new
filter will be based on the solution to the Fokker-Planck-Kolmogorov equation and the
Bayesian update formula. The extended filter is expected to fully represent the
probability density function and improve the accuracy of the conventional continuous-
discrete Gaussian approximation filters.

135

www.manaraa.com



REFERENCES

[1] P. M. Djuric, J. H. Kotecha, Z. Jianqui, H. Yufei, T. Ghirmai, M. F. Bugallo, and
J. Miguez, "Particle filtering," Signal Processing Magazine, IEEE, vol. 20, pp.
19-38, 2003.

[2] M. R. Morelande, C. M. Kreucher, and K. Kastella, "A Bayesian approach to
multiple target detection and tracking," Signal Processing, IEEE Transactions on,
vol. 55, pp. 1589-1604, 2007.

(3] I. Bilik and J. Tabrikian, "Maneuvering target tracking in the presence of glint
using the nonlinear Gaussian mixture Kalman filter," Aerospace and Electronic
Systems, IEEE Transactions on, vol. 46, pp. 246-262, 2010.

(4] M. G. S. Bruno, "Bayesian methods for multiaspect target tracking in image
sequences," Signal Processing, IEEE Transactions on, vol. 52, pp. 1848-1861,
2004.

[5] J. M. C. Clark, P. A. Kountouriotis, and R. B. Vinter, "A Gaussian mixture filter
for range-only tracking," Automatic Control, IEEE Transactions on, vol. 56, pp.
602 -613, march 2011.

[6] F. Gustafsson, F. Gunnarsson, N. Bergman, U. Forssell, J. Jansson, R. Karlsson,
and P. J. Nordlund, "Particle filters for positioning, navigation, and tracking,"
Signal Processing, IEEE Transactions on, vol. 50, pp. 425-437, 2002.

[7] P. Perez, J. Vermaak, and A. Blake, "Data fusion for visual tracking with
particles," Proceedings of the IEEE, vol. 92, pp. 495-513, 2004.

[8] W. Chang, C. Chen, and Y. Hung, "Tracking by parts: A Bayesian approach with
component collaboration," Systems, Man, and Cybernetics, Part B: Cybernetics,
IEEE Transactions on, vol. 39, pp. 375-388, 2009.

[9] V. Fox, J. Hightower, L. Lin, D. Schulz, and G. Borriello, "Bayesian filtering for
location estimation," Pervasive Computing, IEEE, vol. 2, pp. 24-33, 2003.

[10] C. Yardim, Z. H. Michalopoulou, and P. Gerstoft, "An overview of sequential
Bayesian filtering in ocean acoustics," Oceanic Engineering, IEEE Journal of,
vol. 36, pp. 71-89, 2011.

136

www.manaraa.com



[11] R. Sameni, M. B. Shamsollahi, C. Jutten, and G. D. Clifford, "A Nonlinear
Bayesian filtering framework for ECG denoising," Biomedical Engineering, IEEE
Transactions on, vol. 54, pp. 2172-2185, 2007.

[12] G. Ferraivolo and G. Poggi, "A Bayesian filtering technique for SAR
interferometric phase fields," Image Processing, IEEE Transactions on, vol. 13,
pp. 1368-1378, 2004.

[13] J. L. Blanco, J. A. Fernandez-Madrigal, and J. Gonzalez, "Toward a unified
Bayesian approach to hybrid metric--topological SLAM," Robotics, IEEE
Transactions on, vol. 24, pp. 259-270, 2008.

[14] A. L. Juloski, S. Weiland, and W. P. M. H. Heemels, "A Bayesian approach to
identification of hybrid systems," Automatic Control, IEEE Transactions on, vol.
50, pp. 1520-1533, 2005.

[15] J. Fang and X. Gong, "Predictive Iterated Kalman Filter for INS/GPS Integration
and Its Application to SAR Motion Compensation," [nstrumentation and
Measurement, IEEE Transactions on, vol. 59, pp. 909-915, 2010.

[16] B. Brumback and M. Srinath, "A Chi-square test for fault-detection in Kalman
filters," Automatic Control, IEEE Transactions on, vol. 32, pp. 552-554, 1987.

[17] F. N. Chowdhury, J. P. Christensen, and J. L. Aravena, "Power system fault
detection and state estimation using Kalman filter with hypothesis testing," Power
Delivery, IEEE Transactions on, vol. 6, pp. 1025-1030, 1991.

[18] G. R. Redinbo, "Generalized algorithm-based fault tolerance: error correction via
Kalman estimation," Computers, IEEE Transactions on, vol. 47, pp. 639-655,
1998.

[19] A. Jazwinski, Stochastic Processing and Filtering Theory: Academic Press, New
York, NY, 1970.

[20] S. Challa and Y. Bar-Shalom, "Nonlinear filter design using Fokker-Planck-
Kolmogorov probability density evolutions," Aerospace and Electronic Systems,
IEEE Transactions on, vol. 36, pp. 309-315, 2000.

[21] S. Challa, Y. Bar-Shalom, and V. Krishnamurthy, "Nonlinear filtering via
generalized Edgeworth series and Gauss-Hermite quadrature," Signal Processing,
IEEE Transactions on, vol. 48, pp. 1816-1820, 2000.

[22] F. Daum, "Nonlinear filters: beyond the Kalman filter," Aerospace and Electronic
Systems Magazine, IEEFE, vol. 20, pp. 57-69, 2005.

[23] S. Chakravorty, M. Kumar, and P. Singla, "A quasi-Gaussian Kalman filter," in
American Control Conference, 2006, 2006, pp. 970-975.

137

www.manaraa.com



[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

Y. Xu and P. Vedula, "A quadrature-based method of moments for nonlinear
filtening " Automatica, vol. 45, pp. 1291-1298, 2009.

B. ia, M. Xin, and Y. Cheng, "Sparse Gauss-Hermute quadrature filter with
application to spacecraft attitude estimation," Jowrnal Of Guidance, Control, And
Dynamics, vol. 34, pp. 367-379, 2011.

N. J. Gordon, D. J. Salmond, and A. F. M. Snuth, "Novel approach to
nonlinear/non-Gaussian Bayesian state estimation" Radar and Signal Processing,
IEEE Proceedings, vol. 140, pp. 107-113, Apr 1993_

M. Simandl, J. Kralovec, and T. Soderstrom, "Anticipative grid design n point-
mass approach to nonlinear state estimation" Automatic Control, IEEE
Transactions on, vol. 47, pp. 699-702, 2002.

M. Simandl, J. Kralovec, and T. Soderstrom, "Advanced point-mass method for
nonlinear state estimation," Automatica, vol. 42, pp. 1133-1145, 2006.

I Arasaratnam, S. Haykin, and R J. Elliott, "Discrete-fime nonlinear filtering
algorithms using Gauss-Hermite quadrature," Proceedings of the IEEE, vol. 95,
pp- 953-977, 2007.

V. Klumpp, F. Sawo, U. D. Hanebeck, and D. Franken "The sliced Gaussian
mixture filter for efficient nonlinear esttmation," m Information Fusion, 2008
11th International Conference on, ed, 2008, pp. 1 -8.

S. S. Al- vytty, ox Gaussian nuxture filter, _dutomatic Control, IEEE
Transactions on, vol. 55, pp. 2165-2169, 2010.

M. S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, "A tutorial on particle
filters for online nonlinear/non-Gaussian Bayesian tracking " Signal Processing,
IEEE Transactions on, vol. 50, pp. 174-188, Feb 2002.

X Luo, I M. Moroz, and I Hoteif, "Scaled unscented transform Gaussian sum
filter: Theory and application," Physica D: Nonlinear Phenomena, vol. 239, pp.
684-701, 2010.

Z Ye and Y. Zhang, "Speed estimation from single loop data using an unscented
particle filter," Computer-Aided Civil and Infrastructure Engineering, vol. 25, pp.
494-503, 2010.

S. J. Julier, J. K. Uhlmann, and H. F. Durrant-Whyte, "A new method for the
nonlinear transformation of means and covanances in filters and estimators "
IEEE Transactions on Automatic Control, vol. 45, pp. 477-482, 2000.

S. I. Julier and J. K. Uhlmann, "Unscented filtering and nonlinear estimation,"
Proc. IEEE, vol. 92, pp. 401-422, 2004.

138



[37] I Arasaratnam and S. Haykin, "Cubature Kalman filters," Automatic Control,
IEEE Transactions on, vol. 54, pp. 1254-1269, 2009.

[38] R. Cools and P. Rabinowitz, "Monomial cubature rules since "Stroud": a

compilation," Journal of Computational and Applied Mathematics, vol. 48, pp.
309-326, 1993.

[39] C. Ronald, "An encyclopaedia of cubature formulas," Journal of Complexity, vol.
19, pp. 445-453, 2003.

[40] C. Ronald, Monomial cubature rules since “Stroud”: a compilation — part 2."
Journal of Computational and Applied Mathematics, vol. 112, pp. 21-27, 1999.

[41] S. A.Smolyak, "Quadrature and interpolation formulas for tensor products of
certain classes of functions," Soviet. Math. Dokl. 4, pp. 240-243, 1963.

[42] A. Gelb, Applied Optimal Estimation: The MIT Press, 1974.

[43] A. Carmi and Y. Oshman, "Fast particle filtering for attitude and angular-rate
estimation from vector observations," Journal of Guidance, Control, and
Dynamics, vol. 32, pp. 70-78, 2009.

[44] Y. Cheng and J. L. Crassidis, "Particle filtering for attitude estimation using a
minimal local-error representation," Journal of Guidance, Control, and
Dynamics, vol. 33, pp. 1305-1310, 2010.

[45] J. H. Kotecha and P. M. Djuric, "Gaussian sum particle filtering," Signal
Processing, IEEE Transactions on, vol. 51, pp. 2602 - 2612, oct. 2003.

[46] Y. Oshman and A. Carmi, "Attitude estimation from vector observations using
Genetic-Algorithm-Embedded quaternion particle filter," Journal of Guidance,
Control, and Dynamics, vol. 29, pp. 879-891, 2006.

[47] E.J. Lefferts, F. L. Markley, and M. D. Shuster, "Kalman filtering for spacecraft
attitude estimation," Journal of Guidance, Control, and Dynamics, vol. 6, pp.
419-430, 1982.

[48] M. D. Shuster, "A simple Kalman filter and smoother for spacecraft attitude,"
Journal of the Astronautical Sciences, vol. 37, pp. 89-106, 1989.

[49] M. L. Psiaki, "Attitude-determination filtering via extended quaternion
estimation," Journal of Guidance, Control, and Dynamics, vol. 23, pp. 206-214,
2000.

[50] J. L. Crassidis and F. L. Markley, "Unscented filtering for spacecraft attitude

estimation," Journal of Guidance, Control, and Dynamics, vol. 26, pp. 536-542,
Aug.2003.

139

www.manaraa.com



[51] D. A. Vallado, Fundamentals of Astrodynamics and Applications: Microcosm
Press and Kluwer Academic Publishers, 2001.

[52] D.-J. Lee and K. T. Alfriend, "Sigma point filtering for sequential orbit estimation
and prediction," Journal of Spacecraft and Rockets, vol. 44, pp. 388-398, March-
April 2007.

[53] G. Wang and X.-j. Duan, "Particle filtering and its application in satellite orbit
determination," in Image and Signal Processing, 2008. CISP '08. Congress on
vol. 5, ed, 2008, pp. 488-492.

[54] N. K. Philip and M. R. Ananthasayanam, "Relative position and attitude
estimation and control schemes for the final phase of an autonomous docking
mission of spacecraft," Acta Astronautica, vol. 52, pp. 511 - 522, 2003.

[55] Y. Xing, X. Cao, S. Zhang, H. Guo, and F. Wang, "Relative position and attitude
estimation for satellite formation with coupled translational and rotational
dynamics," Acta Astronautica, vol. 67, pp. 455 - 467, 2010.

[56] K. Ito and K. Xiong, "Gaussian filters for nonlinear filtering problems,"
Automatic Control, IEEE Transactions on, vol. 45, pp. 910-927, 2000.

[57] M. Simandl and J. Dunik, Derivative-free estimation methods: New results and
performance analysis," Automatica, vol. 45, pp. 1749-1757, 2009.

[58] A. H. Stroud., Approximate Calculation of Multiple Integrals. NJ: Prentice-Hall,
Englewood Cliffs, 1971.

[59] Y. Wu, D. Hu, M. Wu, and X. Hu, "A numerical-integration perspective on
Gaussian filters," Signal Processing, IEEE Transactions on, vol. 54, pp. 2910-
2921, 2006.

[60] S.J. Julier and J. K. Uhlmann, "Reduced sigma point filters for the propagation of
means and covariances through nonlinear transformations," in American Control
Conference, 2002. Proceedings of the 2002, 2002, pp. 887-892 vol.2.

[61] S. J. Julier, "The spherical simplex unscented transformation," in American
Control Conference, 2003. Proceedings of the 2003, 2003, pp. 2430-2434 vol.3.

[62] J. G. C. Lozano, L. R. G. Carrillo, A. Dzul, and R. Lozano, "Spherical simplex
sigma-point Kalman filters: A comparison in the inertial navigation of a terrestrial
vehicle," in American Control Conference, 2008, 2008, pp. 3536-3541.

[63] W. Li, P. Wei, and X. Xiao, "A novel simplex unscented transform and filter," in
Communications and Information Technologies, 2007. ISCIT '07. International
Symposium on, 2007, pp. 926-931.

140

www.manaraa.com



[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

J. F. Levesque, "Second-order simplex sigma pomts for nonlinar estimaton "
presented at the ATAA Gumdiance, Navigation, and Control Conference, Keystone,
Colorado, 2006.

J.R. V. Zandt, "A more robust unscented transform," MITRE Corporation2001.

F. Sun, Y. Ma, and J. Wang, "Extended symmetric sampling strategy for
unscented Kalman filter," in Control, Automation and Systems Engineering, 2009.
CASE 2009. IITA International Conference on, 2009, pp. 383-386.

W. Zhang, M. Liu, and Z. Zhao, "Accuracy analysis of unscented transformation
of several sampling strategies" in Software Engineering, Artificial Intelligences,
Networking and Parallel/Distributed Computing, 2009. SNPD '09. 10th ACIS
International Conference on, 2009, pp. 377-380.

J. Dumk, M. Simandl, O. Straka, and L. Kral, "Performance analysis of
denivative-free filters," i Decision and Control, 2005 and 2005 European
Control Conference. CDC-ECC '05. 44th IEEE Conference on, 2005, pp. 1941-
1946.

J. Lu and D. L. Darmofal "Higher-dimensional mtegration with Gaussian weight
for applications i probabilistic design" SI4AM Journal on Scientific Computing,
vol. 26, pp. 613-624, 2004.

A Genz and J. Monahan, "A stochastic algonithm for lugh-dimensional mtegrals
over unbounded regions with Gaussian weight" Journal of Computational and
Applied Mathematics, vol. 112, pp. 71-81, 1999.

M. Nergaard, N. K. Poulsen, and O. Ravn, "New developments in state estimation
for nonlinear systems," 4utomatica, vol. 36, pp. 1627-1638, 2000.

J. H Kotecha and P. M. Djunic, "Gaussian sum particle filtening," Signal
Processing, IEEE Transactions on, vol. 51, pp. 2602-2612, 2003.

P. J. Nordlund and F. Gustafsson, "Marginalized particle filter for accurate and
reliable terran-aided navigation" Aerospace and Electronic Systems, IEEE
Transactions on, vol. 45, pp. 1385-1399, 2009.

U. Orguner and F. Gustafsson, "Risk-sensitive particle filters for nutigating
sample impoverishment " Signal Processing, IEEE Transactions on, vol. 56, pp.
5001-5012, 2008.

T. Schon, F. Gustafsson, and P. J. Nordlund, "Marginalized particle filters for

mixed linear/nonlinear state-space models," Signal Processing, IEEE
Transactions on, vol. 53, pp. 2279-2289, 2005.

141



[76] S. C. Kramer and H. W. Sorenson, "Recursive Bayesian estimation using piece-
wise constant approximations," Automatica, vol. 24, pp. 789-801, 1988.

[77] J. T. Horwood and A. B. Poore, "Adaptive Gaussian sum filters for space
surveillance," Automatic Control, IEEE Transactions on, vol. 56, pp. 1777-1790,
2011.

[78] J. Yin, J. Zhang, and Z. Zhuang, "Gaussian sum PHD filtering algorithm for
nonlinear Non-Gaussian models," Chinese Journal of Aeronautics, vol. 21, pp.
341-351, 2008.

[79] N. M. Kwok, Q. P. Ha, S. Huang, G. Dissanayake, and G. Fang, "Mobile robot
localization and mapping using a Gaussian sum filter," International Journal of
Control, Automation and Systems, vol. 5, pp. 251-268, 2007.

[80] G. Terejanu, P. Singla, T. Singh, and P. D. Scott, "Adaptive Gaussian sum filter
for nonlinear Bayesian estimation," Automatic Control, IEEE Transactions on,
vol. 56, pp. 2151-2156, 2011.

[81] O. Cappe, S. J. Godsill, and E. Moulines, "An overview of existing methods and
recent advances in sequential Monte Carlo," Proceedings of the IEEE, vol. 95, pp.
899-924, 2007.

[82] X. Deng, J. Xie, and H. Ni, "Interacting multiple model algorithm with the
unscented particle filter (UPF)," Chinese Journal of Aeronautics, vol. 18, pp. 366-
371, 2005.

[83] Z. Liang, X. Ma, and X. Dai, "Robust tracking of moving sound source using
scaled unscented particle filter," Applied Acoustics, vol. 69, pp. 673-680, 2008.

[84] F. Nobile, R. Tempone, and C. G. Webster, "A Sparse grid stochastic collocation
method for partial differential equations with random input data," SIAM J. Numer.
Anal., vol. 46, pp. 2309-2345, May 2008.

[85] F. Heiss and V. Winschel, "Likelihood approximation by numerical integration on
sparse grids," Journal of Econometrics, vol. 144, pp. 62-80, May 2008.

[86] G. W. Wasilkowski and H. Wozniakowski, "Explicit cost bounds of algorithms
for multivariate tensor product problems," Journal of Complexity, vol. 11, pp. 1-
56, 1995.

[87] N. Macon and A. Spitzbart, "Inverses of vandermonde matrices," The American
Mathematical Monthly, vol. 65, pp. pp. 95-100, 1958.

[88] D. Tenne and T. Singh, "The higher order unscented filter," in American Control
Conference, 2003. Proceedings of the 2003, 2003, pp. 2441-2446 vol.3.

142

www.manaraa.com



[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

F. Nobile, R. Tempone, and C. G. Webster, "An anisotropic sparse grid stochastic
collocation method for partial differential equations with random input data,"
SIAM J. Numer. Anal., vol. 46, pp. 2411-2442, June 2008.

J. L. Crassidis, F. Markley, and Y. Cheng, "Survey of nonlinear attitude
estimation methods," Journal of Guidance, Control, and Dynamics, vol. 30, pp.
12-28, 2007.

J. L. Crassidis. and J. L. Junkins., Optimal Estimation of Dynamic Systems:
Chapman and Hall/CRC, 2004.

J. E. Prussing and B. A. Conway, Orbital Mechanics. New York, NY: Oxford
University Press, 1993.

S.-G. Kim, J. L. Crassidis, Y. Cheng, and A. M. Fosbury, "Kalman filtering for
relative spacecraft attitude and position estimation," Journal Of Guidance,
Control, And Dynamics, vol. 30, pp. 133-143, 2007.

D. Xue, X. Cao, and Y. Wu, "Decentralized determination of relative orbit for
formation flying satellite," in Systems and Control in Aerospace and Astronautics,
2006. ISSCAA 2006. Ist International Symposium on, 2006, pp. 338-343.

M. L. Psiaki. and S. Mohiuddin., "Modeling, analysis, and simulation of GPS
carrier phase for spacecraft relative navigation," Journal of Guidance, Control,
and Dynamics, vol. 30, pp. pp. 1628-1639, 2007.

S. Mohiuddin and M. L. Psiaki, "High-altitude satellite relative navigation using
carrier-phase differential global positioning system techniques," Journal of
Guidance, Control, and Dynamics, vol. 30, pp. pp. 1427-1436, 2007.

Z. Dang and Y. Zhang, "Relative position and attitude estimation for Inner-
formation gravity measurement satellite system," Acta Astronautica, vol. 69, pp.
514-525,2011.

X. Wang, D. Gong, L. Xu, X. Shao, and D. Duan, "Laser radar based relative
navigation using improved adaptive Huber filter," Acta Astronautica, vol. 68, pp.
1872-1880, 2011.

T. Chen and S. Xu, "Double line-of-sight measuring relative navigation for
spacecraft autonomous rendezvous," Acta Astronautica, vol. 67, pp. 122-134,
2009.

K. K. Gunnam, D. C. Hughes, J. L. Junkins, and N. Kehtarnavaz, "A vision-based
DSP embedded navigation sensor," Sensors Journal, IEEE, vol. 2, pp. 428-442,
2002.

143

www.manaraa.com



[101] D. Lee. and H. Pernicka., "Vision-based relative state estimation using the
unscented Kalman filter," International Journal of Aeronautical and Space
Sciences, vol. 12, pp. pp. 24-36, 2011.

144

www.manharaa.com




	The Sparse-grid based Nonlinear Filter: Theory and Applications
	Recommended Citation


